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PaBHOGEAPEHHBIA TPEYTONbHUK

§1. 3apaun

1.1 Jloxaxure, YTO €CIH
a) IBe BLICOTHI;

) HBE MEIMAHEI TPEYTOMBHAKA PABHEL, TO 3TOT TPLYrONLHUK PABHO-
GeapeHHBIN.

1.2|  IokaxuTe, yTo B panHoBeapeHHOM Tpeyronbauke ABC cymma
PacCTOAHWHA OT [TPOMIBOIBLHOM TOUKYM D, nexatiei Ha ocHoBalnm AC,
JO aByx GOKOBBIX CTOPOH NMOCTOSIHHA W PaBHa BRICOTE, NMPOBELCHHOM
K O0KOBOM CTOpOHE.

w Haiiawre yTIn papioGefpeiioro Tpeyroilbiuka, ecjii HiBecT-
HO, YTO mpsMasi, TIPOXOASAS 9epe3 BEPITHHY YINa NP OCHOBAHWH,
JIGJIHT €710 Ha IBA TPEYTONBAMKA, KAXKIBIA H3 KOTOPHIX TAKKE ABIACTCH
PaBEODESIPEHHBIM.

1 .4| JOKaXHTe, YTO H3 BCEX TPCYTOABGHHKOB C JAHHBIM OCHOBAHKEM
M OJaHHAIM YIJIOM [OPM BEPIINHE MAKCHMATILHVIO IUIOINAAL WMEET pPas-
HOGeIPEeHHEI TPEYTONLHHK.

1 .5| IMonoxwrensHbie 9vcna &, b, € TAKOBK, YTO AU KaXA0T0 HATy-
PAJIBHOTG 7 CYINECTBYET TPEYTOTBHMK €O CTOPOHAMH a”, 0", . Hoka-
XITE€, 4TD BCE TH TPEYTOJILHUKM PABHOOSIpEHHEIC.

ﬁ' Ha 6okoBbIX cropoHax AB u BC papHOGENpeHHOIS TPEYroib-
ke ABC s3atet roaxn M n N 1k, uro BM = CN. Jokaxure,
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910 cepemitAa otpeska MN JTeXUT Ha cpemHel JTHHHH Tpeymjramrm
ABC, napannesisHO# €ro OCHOBAHHIO,

E[ B pasHOOEAPEHHOM TPEYTONBHIKE GCHOBAHHE paBHO @, GoKo-
Bad cropoHa b. Halimure;

a) Meamady, IPOBEICHHYIO K GOKOBOI CTOPOHE;

$) GUCCEKTPHCY, NPOBENEHHYI0 K GOKOBO#H cTOpOHE;

B) BBHICOTY, ONYIIEHHYIO Ha OOXOBYIO CTODOHY TPeYTOJBHUKA.

1.8] Hajtuure YN paBHOSEIPEHHOID TPEYTONLHMKA, €CIH OCHOBA~
HHE OTHOCHTCA K GMCCEKTPHCE YTIA MPH OCHOBAHHK Kak 5 : 6.

1 .9| B paBHOGEAPEHHOM TPEYTONEHHKE BEICOTA, NIPOBEACHAAs K OCHO-
BAHMIO TPEYTONRHHKA, JSTHTCS TOYKOH mepeceueHHs BRICOT MOTIONAM.
Hatigute yIl 27010 TpeyromeHMKA,

Ll

1.10] JloxaxHuTe, YTO ecnd CTOPOHH &, D W TIPOTHBOMSXKAIHE UM

yrnl A, B CBS3aHEI COOTHOLLIEHNEM: . TO TPEYTONBHUK
! cosA cosB’

PaBHOOEAPECHHRIHN,

1.11*] Tlyets AE u CD — OuccekTpreH TpeyroumbEnka ABC, Joka-
xwute, 4to ecot ZBDE  LEDC = ZBED ; ZDEA, 1O TpeyTONEHUK
ABC paBHOOeApeHHEIMN.

1.12[ BoxoBaa cTopoHa paBHOOEIPEHHOIO TPEYTONLHHKA B ABA pa3a
fonpie ocHOBAHMS., HaliauTe paaMyc BITHCAHHOW OXPYXHOCTH, ECITH
pazHyc OTUCEHHON OKPYXXHOCTH pancH H.

- 1.13 | Paguyc OKpyXHOCTH, OMUCAHHGH 0KOAO paRHOOSADEHHOTO Tpe-
YIOJIbHMKA paBeH R, paccTosHMe MEXNY LCHTPAMH BIIUCAHHON W OllM-
CaHHON OKpYXHOCTH — d. HalionTe yrnbl TPeYTONbHHKA.

1.14‘| JoxkaxaTe, YTo I paBHOBEAPEHHOTO TPEYTOJNBHKHKA CTIpaBeI-
TTHBO PABEHCTEO A =R'—2Rr. tred — paccTOAHME MeXTY TeHTPa-
MH BINCAHHOHN B onucaHHoit oKpyXHOCIeH, a » 1 B — pasivehl 5THX
OKPYKHOCTER. :
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1.1 5| Haliaute yTel papHoSeIpeHHONO TPEYTOABHWKA, €CITH W3IRECT-
HO, YTO OTHOLIEHHE PARMYCOB BIMCAHHOM H OINHCAHHOI OKPVXHOCTEMH

r/R=k.

1.1 BI CKONBKO CYIIECTBYET HEMTOAOGHEIX PABHOGEIPEHHRIX TPEYT 0L~
HVKOB € 320aHHLIM OTHOUIEHHMEM PaiMyCOB BIIMCAHHONW M OMUCAHHON
OKpyXHOCICH r/R = k?

1.17| JoXaxuTe, YTO TPEYNOJALHUK, B KOTOpPHIt MOXHO BIMCATh 1Ba
PaBHBIX, HO PAJIMYHAIX 10 IOACXKEHHIO, KBazpara ABRnACTCA panﬂoﬁen-
PEHHBIM.

1.18| DbuccexkTprca TpeyroneHHKA nenﬁ’r' €ro Ha JBa TPeYTOMbHUKA,
B KOTOpHIEe BITHCAHE! OKPYXKHOCTH. JIOKakuTe, YTO ECIH PANMYCH 3THUX
OKPYXHOCTE! PaBHBI, TO UCXOMHBH TPEYTONMBHHK DaBHOOGCIPEHHBIN.

1.19] OcHoBaHME PARHOBENPEHHOTO TPEYTOIEHUKA PABHO &, GOKOBHIE
cropoHEr — 0. JoKaxure, 910 SHCCEXTpHEa yIia TIPH OCHOBAHHH 3TOTO
TPEYTONEHUKE LEMMTCH TOYKOH TICPECEYCHUN C BHICOTOM, OMYIEHHON
HA OCHOBAHHE B OTHOIIEHMNA (& + b) : b, CYNTAA OT REPIUHHBL

20| IfocTpoiiTe TakoH paBHOOENPEHHEIH TPEeyYrOAbHHK, ¥ KOTOPOTO
MepuMeTp BCAKOTO DIIMCAIIOTO NPAMOYTO/BILIKA CO CTOPOHIOH, Nexa-
IIIGH Ha OCHQBaﬂlﬂf’[ ARITHCTCH TIOCTOHHHOH HCJ"‘I‘WIHOH.

1.1 | JokaxuTe, 4TO CPERH BCCX TPCYIOABHUKOR ¢ JdHHBIM OCHOBA-
HHEM, BIHCAHHHMX B OKPYXIOCTE JAHHOTO paauyea, papHobenpeHHbIi
TPEYTQUTRHNK MMEET MAKCHMANGHEIH PAAYC BITMCAHHOI OKPY>XKHOCTH,

1.22| JoKaxuTe, YTO €CIIK JABS BHICOTH OCTPOYTI'OJIBHOID TPEYTOAbHN-
Ka JendTcsl B TOYKEe WX MEPEeCeYeHHsT B OTHOM W TOM Xeé OTHOWIEHHH,
CIWTAS OT BEPIIMH TPEYTOILHAKA, TO 3TOT TPeYrOIbHUK PaBROOEIpEH-
Hbi,

1.23| Jlokaxaire, 4T0 ec/ ABe GHCCEKTPHCH TPEYTONBHHKA AETATCA
B TOYKE HX NIEPECEYEHNA B GAHOM H TOM X€ OTHOLUEITHH, CYHTAS OT BEP-
HIMH TPSYrONBHHKA, TO 3TOT TPEYTONEHUK pABHOOEAPEHHBIH.



§1. 3agaun 4 7

1.24*| JlokaxHTE, UTO ¢CMU JIBE OHCCEKTPHCH TPEVIOJIbHUKA DaBHLI,
TO 3TOT TPEYTOJBHHK paBHOGenpeHHs! (3anaua LTeftnepa—JTlemyca).

PaBHOCTOPOHHUA TPEYrONbHUK

1.25 | (cho). Joxaxure, ¥TO €CTIH B pamobcnpeuuom TPEYTONEHHKE
XOTH 611 OTMH 1A YTN0B paseH 60°, TO ITOT TPEYTONEHUK PABHOCTOPOHHUH,

@ Ha oCcHOBaHHHM PaBHOCTOPOHHEIO TPEYFONLHHKA KaK Ha Ama-
METpE IMOCTPOSHA OKPYXHACTH. OKaxuTe, YTO TOYKU IIEPeCeYSHHA
3TON OXPYXHOCTH ¢ GOXOBBIMH CTOPOHAMHM TPEYTOJbHHKA COBIANAIOT
C CEPEAVTHRMHA JTHX CTOPOH.

1.27| JoKa3aITe, YTO ECAU B TPEYTONLHKKE LEHTPEI BIIMCAHHON U OTH-
CAHHOH OKPYKHOCTEH COBIA/ALOT, TO STOT TPEYIOILHUX PABHOCTOPOHHUH,

1.28| Hoxaxure, 4To ecimn B paBHOSEAPEHHOM TPEYTOILHUKE DALMYC
BITHCAHHON OKPYXKHOCTH BABOE MeHbLIE pagnyca OKPYXHOCTH, OITHCAH -~
HON OKO0JI0 HEFO, TO ITOT TPEYIONBHHK SBNSETCA PABHOCTOPOHHHM,

1.29] Jokamute yTBep)acHue 3a0a4u 1.28 st IPONIBOILHOMO TPE-
YrQITEHHKA. '

ﬂ] B mpaBMBHLIt TPEYTOMBHHK CO CTODOHOW @ BIMCAaH Apyroi
NMPABHIGHEH TPEYTONBHWK TAK, 9TO €10 BEPIIHHE! JEXAT Ha CTOPOHAX
HCXOHOTO TPEYTOJLHUKA H HEIAT ITH CTOPOHBEL B OTHOIUCHHM M : %,

Haifaure nnomags BIHCAHHOIO TPEYTOMEHHKA. '

1.81] B npaswILHEI TpeyroAsHHK ABC BnMCaH NMpaBWIBLHLLL Tpe-
yronsHHK A B, C) TaK, 4T0 ero bepiiunsi A,, B|, C} Mexar Ha CTOPOHAX
BC, CA, AB tpeyromsuuka ABC. Jloxaxure, yro AC) = BA, = CB),
C\B=AC=5BA. :

1.32] Ha cToponax MpaBUAEHOTO TpeyronbHuKa ABC BHOpaHH TO%-
xu 4, By, Cy, nensune cropoHs Tpeyromskuka ABC B panHOM OT-
HomeHuH. ByreT 1 Tpeyroasiuk A, BC| npasMIbHEIM?
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1.33| B NpaBwBHEI TpEYToMbHUK ABC, CTOpOHA KOTOPOTO pagHa a,
Saa 5,C; —k

SaaBe
Hajinute otpesku, Ha KOTopnie Toukn A,, B, C| nenat croporu BC,

CA, AB tpeyronsiuka ABC.

BIMCAH UpaBUABHBIA TpeyronsHuk A;BC), npuuem

H‘J JaH npaBunpHHA TpeyronbHuK ABC, OXON0 KOTOPOro olMca-
HAa OKPYXHOCThL. Jyre AC 3TOI OKPYXHOCTH, Ha KOTOPOH HE NeXUT
BepunHa B, CUMMETPUYHO OTPAXAETCHA OTHOCUTENBHO OCHoBaHuA AC
tpeyrontHuka ABC. Ha nonyueHHo! TakuM 06paioM IyTe OKpPyXHO-
cTi Geperes Toyka M, [Myems D — touxa mepeceyeHus npamoil AM
co cropaHoit BC, a E — npsmoit CM co cropoHoit AB. JlokaxHTe,
uro AD =CE,

ﬁj Ha croporax AB v BC npaswisHoro Tpeyrosisunka ABC B8ag-
TBI TO9KN E ¥ D cooTBETCTREHHO, M — TOUKE TIepeceyeHns OTPEIKOB
AD u CF. Hattiure reoMeTpMyYeCcKOE MECTO TOYEK MepecedeHus M,
N Xotopex ZAEC + £ZADC = 180°,

1.36] W3 mpouseonbHoil Touxku M, JeXauieil BHYTPM NPaBIIbHO-
ro TpeyronbHuka ABC, onmywensl nepnenauxynspun MD, ME, M¥F
Ha ero cropodn AB, BC, CA coorsercrenHO. JoKaXuTe, 4TO CYMMa
MD + MFE + MF nocTogHHa 4 paBHA BRICOTE TPEYTOIBHHKA.

ﬁ[ A okaxaite, 4TO HauBOMLIUEE H3 PACCTOAHUN TOUKH OKPYXHOCTUH
10 BEPLIHH BIIMCEHHOTA B 9TY OKPYXXHOCTS [PABUIBHOIO TPEYTONBHUKA
PABHO CYMME DACCTOSSHHM STOM TOYKHW OO0 ABYX OCTABLUIUXCHA BEPLIHH
TPEVTONLHUKA.

1.38| HoraxuTe, YTO CyMMa KBAIpPaTOB PACCTOSHWIL MPOM3BONBHOM
TOYKH OKPYXHOCTH IO BEPIUHH BIMCAHHOIO ¥ 3TY OKPYXHOCTb IIpa-
BHALHOIO TPEYTOJIHWKA TIOCTOSTHEA, T. €. HE 3ABHCHT OT IONOXESHHS
TOYKH Ha OKPYXKHOCTH.

1.839| Ha croponax AB, BC, CA tpeyronkinka ABC NOCTpoeHsl
npaswibHeble Tpeyronsauku ABC;, BCA;, CAB; Tax, uT0 BEplMHE
A,, By, C) nexat BHe Tpeyroabiika ABC. OKpyxHOCTH, ONIMCAHHELE
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OKONO MOCTPOCHHBIX TIPABWIbHBIX TPCYTONBHHKOR, HA3KIBAIOTCA OKPYXK-
Hoctamy Toppruesnd. JoKaxure, 4YTO OXPYXHOCTH ToppHuesiy nepe-
CEKAKTCA B ONHOH TQUKE, KOTOpas Ha3wraeTcd Toukoil Toppudesuii.

1.40| Hcxoan M3 yolaoBus lIpeablaynieit 3agayu, JOKaXMTE, 4YTO OT-
pesxn AA,, BB,, CC;:

a) mepecexarTca B ToUKe Toppyuemw;
6) paBHLI MEXIY coboii.

1.41] Hoxaxwre, uto ecimm Touxa Toppuueruti M nexuT BHYTPH Tpe-
YIOJIBHMKA, TO CYMMa PaccTOSHMH ToukM M OT BEpLIMH TPEYronbHUKa
MHMHHMAIEHA, T. €. 9Ta CYMMa MeHbIIIe CYMMB PacCTOAHHH Mo6oH To1-
KU, JICKALICHA BHYTPM TPSYTOABHAKA, OT Ero BEPITIHH.

1.42] Ha cTopoHax Mpou3BONEHOTO Tpeyrombinka ABC xax Ha ocHO-
BaHHSX MOCTPOSHHM NpaPHIBHEE TpeyronsHHKM ABC,, BCA,, CAB,
Tax, uTo BepirkHsl A;, By, C) nexar sHe tpeyroasunka ABC. [Tyctb
01, 0;, 03 — 1eHTpH TpeyrontHukos BCA,, CAB,, ABC) cootser-
cTBeHHO, Tpeyronbuuk )01 Ha3bIBaeTCd BHEITHWM TPEYTONLHIKAM
Hanoneona, Joxaxure, 410 BHEWHNM TpeyronbHnx Hamoneona npa-
BuInHEM (3anaya Hamoneosa).

1.43| Hatigure IUioHIaNE BHETIHETO TpeyronsHMKa Hamoneona Tpe-
yronsHuka ABC, ecim croponb Tpeyronsivka ABC pasuhi 6, &, ¢.

ﬂl Ha croporax tpeyronsiHuka A BC nocTpoeHs NpaBIbHbIE TPE-
yroneuuk 4BC,, BCA,, CAB, Tax, uro pepmuwnsl A u 4, B u B;,
C w Cy nexar no ogxy cropony ot npameix BC, AC w AB cootser-
creenno. LUenrpe O, O, O3 tpeyronvunkos BCA,, CAB,, ABC, sB-
NAIOTCA BEPUIHHAMM TPEYTONBHHKA, KOTOPHIH HA3KIBASTCH BHYTPEHHUM
TpeyronsunkoM Hanoneona. JfokaxXuTe, YTO BHYTDEHHRA TPEYTONLHIK
Hanoneona npabunbuetit (3agava HamoneoHa).

1.45 | Haitaure mnomas BHyTpeHHEro TpeyronsHKKa Hananeona Tpe-
yronbHuka ABC, ecmu cropoHbl Tpeyronbinka ABC pasuu a, b, c.
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1.46' JoxaxuHTe, 9T0 pa3HOCTEL THIOMAaneit BHELHEro M BHYTPEHHErO
Tpeyronsruxor HamoneoHa tpeyronsinka ABC (cM. zamayn 1.42-1.45)
PaBHA TUIOLIAAK caMorn Tpeyronbuuka ABC.

1.47 | Han npannbHBIH TpeyronbHHK. Hailti MHOXECTRO TOUEK [LIOC-
KOCTA, A3 KOTOPBIX: :

@) BCEe CTOPOHBI AAHHOIO TPEYTOJBHUKA BHIHb! MTOI TVITRIMU VIaMu;

©) xoTst Gul OJHA CTOPOHA JAHHOIO TPEYTONLHMKA BHAHA [IOA TYIILIM
YIROM.

1.48| JokaxuTe, 9TO Cpelu BCEX TPEYTONbHHKOB C JJAHHBM JICPUMET-
poM P HauGoMBLIYIO IVICIIANE WMEET PABHOCTOPOHHII TPEYTONEHHK,

1.49| Ilyers Ry, k2, Ay — BEICOTH Tpeyroasmika ABC, f‘ — panuyc
BITMCAHHOH OKPYXHOCTY, F3BecTHO, uT0 Ry + Ry + b3 = 9. JOKaxMTe,
yTO TpeyroNbHUK ABC npaBrIbHBIIA.

1.50| Tiycts B Tpeyromshuxe ABC mmunm cropon AB, BC, CA
PABHBI ¢, ¢, b COOTBETCTBEHHO, & MIUHBL BLICOT, NPOBEACHHBE K FTUM
CTOpOHaM — f, fq, Ry. JLOKAKHTE, UTO €CTH @+ Rq = B+ Ay = ¢+ Ry,
TO TpeyroasHuk AB(C mparwrkHbIR.

§ 2. 3apaum aAna CamMOCTOSTENLHOrO pelueHUs

1, HoxaxuTe, 4TO CAH B TPEYTOIEHHUKE GUCCEKTPHCA ABNAETCA TAKOKe
MeauaHo#t, To TaxoH TpeyroiIbHUK paBHOOEIPEHHEIN.

2. ORpY:KHOCTL Paifyca, PaBHOTO BEICOTE HEKOTODOTO paBHOGEApeH-
HOrO TPEYTONBHUKE, KATUTCS MO OCHOBAHMIO ITOTO TPEYTOIBHH-
K2, JoKzKHTe, 4T0 BeITHYMHA AYrH, OTCEKASMOM Ha OKDYXHOCTH
GOXOBRIMU CTOPOHAMMY TPEYTONIBIIMKA, OCTAETCS NIPH 3TOM TOCTO-
STHHOIE,

3. Joxaxwure, YTO €CMM BRICOTHI OCTPOVIOJIEHOTO TPEVIOIBHHKA Jg-
JIATCA B TOYKE UX TIEPECEYESEMS B OLHOM H TOM K& OTHOILEHMH, CUM-
Tas OT BEPIIHH TPEYIONBHUKR, TO 3TOT TPEYFOJIbIHK MPABUILIILIA,
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4. Joxaxaire, YTO eCan GUCCEKTPUCH TPEYTONEHHMKA ASTATCA B TOTKE
HX TIEPECeYCHM B OOHOM H TOM X€ OTHOUICHWH, CUUTAA OT BEP-
WIKH TPEYTONbHHKA, TO 3TOT TPEYTOILHUK NpaBuIbHBIN,

5. BepluuHBI NPAaBIWIBHOTO TPEYTONbHUKA NEXAT HA Tpex Mapasuwienb-
HEIX TPAMBIX TAK, YTO Ha KAKIOH M3 STHX NPAMBIX HAXONUTCS
MO OAHOM Y3 BEPIITHH TpeyronsHuKa. Halimnre cropoHy TOTO Tpe-
YIONBHHKA, €CtH PACCTOSTHHE OT HIDKHeH npaMoi 1o cpeaHel pas-
HO 4, 2 or cpenHeit 1o pepxHelt — b.

6. Ilocrpoitre nmpaBWIbHEE TPEYTONBHMK, BEpIIMHLEI KOTOPOIO Jie-
XAT HA TPEX JAHHBIX MAPAUICABHBIX IPAMBIX 0 OJHOH BEpIOHHE
Ha Kaxzol npaMoil.

7. W3 npon3someHoi TOUKH M, exalueit BHYTPH IDaBWILHOIO Tpe-
yramsuuxa ABC, onynienn nepnenauxkyiaps MC,, MA;, MB,
Ha ctopousl AB, BC', CA cooreercTseHHO. [loxaxmre, 4TO

ACi+BA,+-CB, =C\ B+ A|C+31A.

8. Jloxkaxure, uTO CyMMa KBAApPaTOB PaccToAHMii OT BepUIMH IIpa-
BUABHOIO TPEYTO/1bHHKA A0 NPAMOH, ApoXoAsiLelt Yepes eTo0 LCHTP,
" HOCTOAHHA, T. €. HE 3ABUCHT OT BeIOOpa ITOd NMpAMOIL.

9. OxpyxHOCTE JeTHT KAXKAYI0 U3 CTOPOH TPEYTONBHHKA HA TPH pas-
Hbie yacTH. JIOXAXHTE, UTO 9TOT TPEYTOALHHK TPARMITEHBIA.

10. Moxer mu GBbITH MPABUALHBM TPEYIONBHNK, PACCTOSHHA BEPIINH
KOTOPOTO [0 ABYX JAHHBIX B3aHMHO NEPHEHIHKYIAPHBX NPIMBIX
BHIPAXAIOTCA UEeAKIMH YHCNAMM?

§3. Omem._ Yxaszanwa. PewseHua

1.2, Pewenne, [ycrs ABC — OCTPOYTONLHLIH paBHOGEApeHHED! Tpe-
yrontauk (puc, 1), DX v DL — neprieHIMKynspH, OITyeHHBIE H3 TOY-
xu D Ha 6oxoBbie CTOpOHE! AB u BC' cooteercrsenHo, AM — BHICOTa,
npoBeNeHHad K 6Goxopoit cropone. [[posenem yepes Toury I npsmylio
DN || BC. Torna PM LD — npaMOYrONEHMK d, 3Hauut, DL = PM.
Hpamoyronpueie TpeyTobHHEKM AK D u AP paBHH IO THIIOTEHY3e
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B

Puc. 1

M ocTpoMy yrry (runotenysa AD obwas, LKAD = £ZPDA, tak xak
DN || BC u AABC parnofGeapenBtit), nosromy DK = AP. HUrak,
DK + DL = AP + PM = AM. .

Cryuait TYNOYTONEHOTO TPEYTONBHUKA pasbupaercs aHATOrMYHO.,

1.3. Ywasanue. PaccMoTpeTh ZBa CIlyyasl, 110KASAHHLIX HA PHC, 2,

Torna
' 2 2 ®
B CIY44€ a) YIJIBI TPEYTONBHHKA PABHBI > 5
In 3 ow
B enysae 6) =, = 7

1.5. Pewenve. [Mycre a < b < ¢. Mpemmonoxam, uro b < ¢. [ng
CYILCCTBOBAHHA TPEYTOIbHAKA cO CTopoHaMu a', b°, ¢ Wi xaxporo
HATYPATLHOIO 72 HeoOXoamMO, yToDhl VIS KaXIOTo HATYPATHLHONO f°
BHIITOJIHSANQCH HEPABEHCTBO

¢} n
. a b
a"+8" >, wm (E) + (E) >1,
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c

a) 6)
Puc. 2

HO JIeBas YacTh 3TONO HEPABCHCTRA CTAHOBUTCH CKOJbL YTONHO MaloH
IIPH DJOCTATOYHO OONBIUHX 7, TAK KaK

b
- <L
C

0
-<1 u
c

Orciofa BITEKAEST, YTO MpeAnoNoXeHue b < ¢ HEBCDHO H, CREOBATEN -
HO, b=c.

1.6. Pewenue. Yepes Touky N nposegem NF || AB (prc. 3). To-
ma ZNFC = ZBAC u tpeyronbHUK FNC pasnoGeapeHHslii, 0TKyaa
MB = NC = NF, 1.e. MB = NF. Coegnunum Toukn M 1 F. Tlo-
JYYeHHbIH YernipexyrontHuk MBN F — napamrenorpaMm, IIOCKOABKY
MB = FN w MB || FN. Tak xax B HapannelorpaMMe Xuarona-
MY B TOYKE MepeceueHns NeNIATCA IononaMm, to Touka O — cepenusa
orpeika MN —~ awrgercd takke cepesiiioi orpeska BF u, cnemosa-
TERHO, TEKWUT Ha cpegHe auAauM K L tpeyrombuwika ABC.

........................... - 'I
1.7. Oraer. 2) 7V 200+ ¥
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R

Puc.3

6) Pemenue. [lyete Z/BAC = . Torna /BAD = /DAC = %
(puc. 4).

Saasc = Saanc + Saang,

1 1 a 1 a 1
Eabsina = Eafsini + E!bsin 5= iising (2 + b).
o
o o o 2ab-cos—2—
ZubSiHECOSEZISiHE'(G+b), IZT{—E—

a
Ocranoch HaiTH cos 3 MockoisKy

o 1 +cosa a
cos-z——MT. acosa= {us & ABM),

TO
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.B) 211‘:' Vb — a2,

—n 3 3
1.8. Ormer. 2arccos =, 7 — 4 arccos .

3
6

4 4
. 34
Sm?
¥Yxazaume. 3 AADC (puc.4) no TeopeMe cHHYCOB e
OTKYHA ITOCHe npeoﬁpasdsannﬁ TIOUTYSUM V
A
deos’ = - 1
2 5 s A A _
i "6 mm 12 cos 3 — 5cos 3 3=0.
2¢co8 -2~ :

: A
Pewuns 310 XBAAPATHOE YPABHEHUE OTHOCUTENBHO COS 7 HaiizeM 3Ha-
yeume A.

e b e e
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Ykazauue. CocraBbTe ypaBHEHUE

T
tga:Ztg(E—a) =2ctga,

OTKYJa
' tg’azz, tga=s/§.

1.10. Yrazanme. Bocmonp3viiTech TeopeMOP KOCHHYCOB.

£{BDE
LZEDC

/ABB+/CDB 3 _k+l
/BDE+ /BED 2 g omyma E=e

1.11*. Yxazanme. O6o3HaunM = k. IToxaxure, yTo

1.12. Pewenne. Ilycth acHoBanHe AB TpeyronsHuka ABC pasHo @
(puc. 5). Torma AC = BC = 2a. O6osHaunm yepes O UeHTP BNUCAH-
HOM OKPYXKHOCTH, 4epe3 () — OIHCAIIHOM, TOIIA panuyc BIHCAHHOR
OKpykHOCTH r = OD n QA — 6uccexrpuca yrma CAB. MapecTHo,
YTO GHCCEKTPHCA YINIA TPEYrONbHUKA JEUAT MPOTHBOTIONOXHYIO CTOPO-
HY Ha JaCTH, MPOTIOPLIHOHANEHHE TIPHITEXAIHM CTOPOHAM (CM. 3aiaun
1.19, 4.26). [Tostomy 8 AACD

CO _AC 2
OD AD

(-]

=4,

IR

CO=40D=4r u CD=CO0+0OD=4r+r=>5r.
Ivers CO = h, U3 AACD 1o teopeme ITudrarapa

)
h= 4a2—1=am.
4 2

Tax KaK Touyka )y NEHTP ONMMUCAAHONH OXPYXHOCTH, TO OHA NEXWUT
Ha CePENVHHOM NeprneHIuKy!ipe FQ, 6okoroil ctoporst AC AABC
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C

Puc. S

. 1 N
u CE = EAC = a. [IpaMoyronensie TpeyrombHukn CECH u ACD
noacOHsl, Nockonbky LACD y Hux obuwul, nosromy
CE o CD &
CO, R~ AC 2’

oTKyIa
2a? 2 a®
h=7=5r n T:g'E,
HO
az——-IE:Rm/ig T.e a=R‘/E
2 2.2° o 4
OKOHYATENLHO,
2 a° 2 I15R*1 3
r==.==2.""__"ZR
s R 5 16 R 8

1.13. Pawenue. TpemmonoxuM, 9T0 HEHTP OMHUCAHHON OKPYXIIOCTH
04 nexwur na otpeske CO, rne C — pepuuuHa ABC u O — ueHip
BrMCaHHON OKpyxiiocTu (puc. 6). O6oaHayuM AB = ¢, AC = b.
IycTs P — TOYKA KAaCAHYsI BIIMCAHHOW OKPYXKHOCTH €O CTOpoHOH AC.
Torna AP = AD = g/2 XaK OTpe3KH KACATELHEIX K JAHHOM! OKpYKHO~
CTH, IPOBENCHHEIX M3 O/THO# Togxu. HaliieM mioImans IpaMOyTONEHONo
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C

A D B
Puc. 6

Tpeyronsuika COP peyms cnocobamu. Ilyers LCAB = ZCBA = a.
Torxa /COP = /CAB = a.

1 [
Sacop = EPO - QC -sin ZPOC = ‘if(R + d) sin o,

TakK KaxK
COZCO|+010=IR+J.
|

1
C mpyroii cropoust, Sacop = ECP PO = 3 (b - g)r‘ Hrax,

-;-r(R-f—d) sina = %(b-— (2_;) 7. .(1)

Mo teopeMe cuHycoB b = 2Rsinq, e = 2R sin (7 — 2a) = 2R sin 2a.
IMoncTaBuM 3T 3HAYCHMAN B [IPaBYI0 YACTH PaBeHCTBA (1)
(R+d)sina = 2Rsina - Rsin2a=2Rsina—- 2Rsin@-cosa =
= 2R sin a(l - cos a),
R4+d=2R—-2Rcosn,

cosa_R—d_l 1d<1
" 2R 2 2R 2
NQ2TOMY
a > 60°,
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B cmywae o < 60° ueHTp onmucanuoR oxpyxHocTH O} nexur Ha oT-
peske OD. Dror cayyah pasbupaercd aHATOTWYHO PAcCMOTPEHHOMY

R+4d
PMING H COS @ = T OKOHYATENBHO MONYYACM, YTO YTAB! PABHH

arce u arccos (R—d 180° - 2 arceos (R——f-‘)
*\m ) R )’ R
npa a > 60° n
R+d R+d R+d
COs (W), arccos ( R ), 180° — 2 arccos ( )

npn a < 60°. Tipu a = 60° TpeyransHUX paBHOCTOPOHHHN, B 3TOM
enywae d =0,

1.14*. Pewenve. [Tycrs a > 60°, Tornacosa = (cM. permcune

npeasunymueit 3agaun), C Apyroi croponst, u3 ACOP vmeem

PO r R-d
S E=0oC R+d_ 2R '

oTxyIa
R'~d*=2Rr, d*=R’-2Rr.

B cmyvae @ < 60° nomywaem

cosa——R+d— r
" 2R  R-d
H CHOBA
= R? - 2Rr.

_— (u\/_l-'_zk) (1¢¢_1-2k)
1.15. Omer. arccos | ———— ), arccos{ —mmm |,

2 2
lis/l—2k)

ﬂ'—Zarccos( 3
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2

Ykazanve. d° = R® ~ 2Rr, (%) =1=- 2% = 1 - 2k. Janee BOC-

MONL3yHTECh pesyabTaToM 3agaunm 1.13.

e

1.16. Oraer. Opanpu 0 < k < 1/2, oaus (npasunesbf) npu &k = 1/2,
HH ofHoTo npu k > 1/2,

1.17. ¥Yxazanwe. JTOKaxwre, UTO

(b-—g)-(l—i—i)::o,

@ M b — IUMHE TEX CTOPOH TPEYTOIbHMKA, HA KOTOPHIX TEXKAT CTOPOHE!
KBagparta, S — IIOMAnpb TpEeyrOlbHYKA, Toraa Wik
28

b=a, wm 1-—=0,
ah

T.e. 5= ? H TPEYTONBHHK TIPSIMOVICJIbHBI.

ITocnennuil caydait oTnanaer, Tak Kak NpAMOYTONBHELA TPEYToib-
HUK He YIOBIETEOPART YCIOBMIO 3ana4i (B HEro MOXHO BITHCATD TOJILKO
OfIMH KBaZpAT).

1.18. Ykazanwe. [IvcTh AB — Ta ¢cTOpOHA TPEYTONBHHKA, K KOTOpO#
npoBedeHa Ouccektpyca, O B O; — LEHTPH BMHCAHHBIX OKPYXHO-
cTelt, toraa 010; || AB.

1 19. Pemeaue. ITokaxeM, 4TO GUCCEKTPHCA YT/IA TPEYTONRLHUKA Oe-
JHUT TPOTHBOMOJAOXHYIO CTOPOHY Ha YaCTH, NPOMOPLHOHANEHLIE NPH-

exa aM, T.¢. —-AC( c.7). Hett
eXaLIM CTODOHAM, DB = 1B puc. 7). HeticTeuTeNLHO,
1 a
_ ~AC . AD .sin —
Siaco B 2AC AD .sin 7 AC
1 = S
Sa4ps SAB-AD sin 5 AB

rae a = ZCAB.
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C
D
E
X
A F B
Pue. 7
C mpyroii cTopoHwH,
1
Saacp 20 AE CD AC
" DB AB

Saaos lpp 4p
2

(AE — ebicora Tpeyrombhuxa ABC).
O6oanamm CD =z, DB = g¢. Torna

r AC b

¥ AB o’
& b a+b
ctp=—yty=y{-+1})=y{—)=b

_ ab
Y=ayo

Brcora CF pasuobeapenuoro Tpeyroabiuxa ABC smnserca Taxke
GuccekTprcoi, MO3TOMY Touka O ABTALTCA TOYKOI NepeceueHN? GHC~
ceKTpHC TpevroTeHKa ABC w BO — Guccektpuca yma B. Us AADB

HAXODUM
AQ AB s  atbh

OD DB ab b
a+&




22 [nasa 1. Pasnobenperusiii TD@YroALHUK

B

N, K,

AM MDL L C
Puc. 8
1.20. Pewenue. Monoxim ML=2, MN =y, My, =2,, M\,N, =y,
{puc. 8). Torna
Z+y=2,+H N T1—-T=Y—Y.

TpeyroneHHER NN u ABD nogoGHbl, O3TOMY

BD NP _ y-y _ Ay-w) _
AD " NPz Tz ox-z

2 2

T.e. BD =24D = AC n ond pelieHus 3afa4y JOCTATOMHO TIOCTPOHTE
PaBHOOENAPECHHBIH TPEYTOMBHUK, ¥ KOTOPOTO BEICOTR paBHA OCHOBAHUIO,

1.21. Pewenne. [Iyctb O — UEHTP BIMHCAHHON OKPYXHOCTH Tpe-

yronsuuka ABC (puc.9). Torma

7 =2C
2

1 T 1
LAOB=7— =(£A+ £B)=rm - ==+ =2C,

2 2 2
T. €. ISl BCEX TPEYTONBHUKOB ¢ OCHOBaHUeM AB, BIHCAHHLIX B AdH-
HYI0 OKPYKHOCTh, CTOpoHa AD Buaila M3 LEHTPa BIHCAHHOI B 3TOT
TPEYTONBHHK OKPYXHOCTH TIOZL MOCTOAHHEIM YIJIOM paBliblM

T

1
3 +~2-£C.
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TeoMeTpHUECKHM MECTOM TOYEK, M3 KOTOPHX NaHHHH OTpelok muaeH
NOA JRMHBIM VITIOM, SBSETCS [YTA OKDPYXHOCTH, TIPOXOAALIAS uepes
KORIIE 3Toro otpedka. [IoHATHO, YTO pasdyCc BOMCAHHON OKPYXHOCTH
R = OD maxcumaneH, xorma Touga (0 JEXHT B cepenvHe nytu AB,
OTKyna caenyer, uto ZA = /B, T e. AABC — paBnoGeapeHHEiit,

1.22. NMepeoe pewenne. Tlycts BricoTH A4, 1 BB, TpeyroasHuKa

: AH BH
A#C nepecexalTca B Touxke H (puc.10) u T4, = BB,
C
B, A,
M
A B

Puc. 10
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Tax kak npamoyronsHete TpeyroasHukN AHB) u BHA, nonobust
(£LAAB, = /BHA, XaK BepTUKAJIBHEIE), TO

AH HB, BH
BH HA, AH’

T. €.

==1 AH =B
(BH) , o,

BH
HO T0O! Wi BCHCTBA ~——— — —~—— (Jlenyer, 4To
r7a w3 pa HA. ~ uB,

HA =HB, u AA{ = BB,

a €CIH B TPEYIONbHUKE PABHB JBE BRICOTH, TO 3TOT TPEYTONBHMK paB-
HobexpeHsbii (oM. 3anauy 1.1a)).

Bropoe peweHna. CocanHUM TOUKH By 1 4| OTpe3KoM NPAMO# U pac-
C¢MOTpHM Tpeyronbhuku ByI4, u AHB (puc. 11). D1id TpEYTORBHHKH
H

B
norofHH, TaK Kak LB\ HA| = ZAHB u H = J_I—E IO VCIOBHIO.

[ToatoMy
éBlAlA = éAlAB H B]Aq “ AB,

C
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T.¢. ueThipexyronsiux ABA, B, — tpanemws. Touka H sBnsercs Tou-
Kofl mepeceuenus muaroHanell TpameuuM, nosTomy npaMaa CH mpo-
XOIHT Yepe3 cepelMHR ocHoBanuit My u M Tpaneumm (JOKaXure 910
cami), .e. CM — memuana AABC'. Ho, TaK KaK BEICOTH TPeYTO/Tb-
HMKa TIEPECeXaloTes B omtolt Touke H, To CM — BhicoTa AABC.
Taxar ofipasom, CM sBASETCS BHICOTON M MEIRAHOM ONHOBPEMEHHO
B3 AABC, no3roMy 3T0T TPEYTONBHUK P2BHOGENPEHHEIN.

1.23. Nepaoe pewenme. [lycty croponnt AB, BC, CA TpeyroabHi-
K& ABC parnt ¢, a, b cooTReTcTBEHHO, 2 Guccextpycy AA; u BB,
aepecexatorca B Touke O (puc. 12). Tak xak 6HcceKTpyUCa 0eMHT IPo-
THBONOMOXHYIO CTOPOHY HA2 Y4CTH, NPONOPUMOHATLHEIE MPITEXAIUM
CTOPOHAM, TO :

: ac be
AB= e B A “are (cM. peurenme 3anaum 1.19).

BO sasnaerca Takxe GUCCEKTPHCOM TpeyronbiMKka ABA |, Mo3roMy
AO  AB c b+

04, BA,” a = a’
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AHATOTHYHO,
BO AB ¢ a+e
0B,  AB, b ~ b
a+te
TTocKOEKY T1G YCITOBUIO é-q = _B_O O
. 04, OB’
b%?— ﬁ%-f, ¥ +be = a® +ac,

-V =bc-ue. (a+b)(a—-b)=cib-n)
{a-ba+b+c) =0

Tak Kak a +b+e¢> 0, 0 a—-5d=0, a = b, T e. 1peyroasunk ABC
PaBHOOEAPEHHBIH.

Bropoe pewsenve. 13 rroporo pemmennst mpensmynieH 3a0aun cuenyer,
YTO YeTHpexyrontiuk ABA B — Tpaneuws H TpeTsa buccextpuca CO
TpeyronsHuka A BC mpoxorut depes cepemnsnl My n M ee ocHoBa-
HH, T.e. DuccekTprca CM AABC aprdercs Taloke ero MegHaHol i,
CnegopaTensHo, TpeyromeHHK ABC panﬂoﬁex[pe}muﬁ {cM. 3amauy 1.1
JUTSE CaMOCTOATENEHOTO pelieHHd).

1.24*. NMeperoe pewenune, Ilycrs A4, uw BB, — GuCcexTpucH Tpe-
yrontuuka ABC, npwuem A4, = BB; = I (puc. 13). OGoznaunm
LCAB = 2a, ZCBA = 28 u npeanonoxuM, uto ZCBA > /CAB,
r.e. § > a. Yepes Touku A, U B, nporeaem orpesku MA; | AB
w BN || AB.

- Torna ZMAA = LAAM = o, INB\B = /B\BN = § 1e.
Tpeyranbuukd AMA; u BNB, paenobGerpennbie, OnycTMM H3 TO-
yek A; ¥ By nepnensuxynspw A,D u B\ E Ha AB. U3 npsamo-
yromsHeix TpeyromsuukoB AA\D w BB\ E waxomum A\D = lsina,
BE =1lsinf. Tak kak 8 > «a, 10 B\E > A\ D u Touka B, aexur
Mexnry ToukaMu M u O, T.e. OBy < CM, no 1peyronsuuky B,CN
u MCA,| nono6HEI, NO3ITOMY

BN _CBi _
MA,  CM
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C
B N
M A A,
In I
A E DB
Puc. 18
OTKyna
BN < MA,. (1)

C npyrof#t cTOPOHBI, eCIM POBECTH BHICOTH B panﬂoéenpmmx TpE-
yromsuukax AMA, u B NB, To neTKO HalTH
l {

MAlzlcosa’ W= s B’

NMockamky A > a, 0 cos B < cosa u BYN > MA,, yro npotu-
BOPEUUT NOAYYEHHOMY Bhille HepaBeHcTsy (1), Mirax, npeanonoxenue
# > o npueeno Hac K npotusopemio. IloHATHO, 9TO cmyuail 8 < «
COBEPLISHHO AHANOTHYEH YXe PACCMOTPEHHOMY, OCTAeTCA EAMHCTBEH-
Hag BOMOXHOCTS @& = § u AABC pasHoSeApeHHRIL

Bropoe pewenne, O6osnauuM AB = ¢, BC = a, CA = b. Torza

2bc cos o _ 2accosf

Ad, = ,
! b+c¢ : a+c
{eM. pemerme 3apauu 1.76)), u Tak kak A4, = BB, 10

2becosa  2accosf , Sosa _alb+o) a
b+e ~ a+c  cosf ble+e)’ )

[MpemxnonoxumM, yTo a < S, 1082

Cos &

—_—>1,
osf3 .

a<bd um cosa>cosf,
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HO

ab + ac <1
ab+be

uT0 MpoTHBOpeMT pabeHeTRy (1). Cayuai a > B pasGupaetcs aHano-
raHo, Hrak, a = 8.

1.28. Yiaaanwe. CupaseMBOCTh JAHHOIO YTBEPXIACHUA CICAYET U3
- 3agay 1.14 1 1.27.

1.29, Pewenue. IIpeanonoxin, Yo AaHHBIA TpeyronbHuk ABC He-
paBHOBeIpeRHbI. Onumem OKOID Hero oKpyxHocTh (puc, 14), TlyeTs
AB,C — papnobenpenHnlii TpeyroNBHHK ¢ TéM Xe ocHOBaHueM AC,
BIMCAHHRH B TV K¢ OKpYRHOCTL. [lyets B — paavyc OKpyXHOCTH,
OMHMCAHHOM okoIo Tpeyronsiukos ABC u AB|C, r — paguyc OKpyx-
HOCTH, prmHcannott 0 AABC v ri — B AAB,C. Toroa

R

P _
5 P >r=— {(cM. 3agauy 1.21), wm 2r, >R,

= >
HO /Ui papHoOeapeHHoro AAB;C umeeM
d*=R?-2Rr, >0,

OTKYyza
B> 2r, (cM.3amauy 1.14),

g B

A UC

Puc. 14
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PO NPOTHBOPCYHT NOJAYYEHHOMY HepascHeTBy 21 > R. INMomyaexwoe
NPOTMBOpeUHe TMoKaskBaer, uTo AABC 1omkeH GHITH paBHOGEAPEH-
MM, T.€. TouKa B foimkHa copnanars ¢ By u r = 1. [Tockonbky ans
PRBROCEIPEHHOrO TPEYrOIbHIKA

=R -2Rr =u f:%,

d2=R2_2R-§:0’ d:o’

T. 8. LCHTPHI BIUCAHHON M OIUCAHON OXPYXHOCTSH COBIAJAIT H 43
sgaun 1.27 crenyer, 9o A ABC papHOCTOPOHHMEA.

02’\/§ 2 2
1.80. Orser. m (m” +n" —mn).

Yaxsshue. Tlpumel{me TEOPEMY KOCHHYCOB.

1.81. Pewshue. O603naunM v Tpeyronsiukos AB,C;, C B4,
A\CB, ue pasHnie 60°, uepes oy, By, a2, B2, &3, F3 TAK, KaKk MOKAIHO
M4 prc. (5. Tak xak LA = ZB = /C = 60°, 10

ar+ 8 =5 +a =6 +a3= 120"
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HO .

ZC]A|B1 = éA]Blc] == ZBICIAI =60°
H, TIO3TOMY

o+ B = ay + B2 = a3 + B3 = 120°,

W3 OnyueH nIX PABSHCTE CERYeT, 910 ) = &) = a3, B1 = B = B1.
Torma, ywareas, wro 4,8, = B,C, = C; A,, BHIBOJIAM, STO TPEYTONE-
wuxn 4B,C;, C;BA;, A,CB, pasHH 110 NEpBOMY NPUBHAKY PABCHCTEA
Tpeyronbiukop B AC) = BA, =CB,, C\B = A,C =B, A.

1.32. Ovmear. Ja.

1.33. Pewewme. O603HAUUM B.C| = a;, AB; = x (puc. 16). Torna

CA, = .BCI = AB, =z (cwm. 3amaay 1.31)

BC=AB=CA=a—-2.

S[ a; 2.
5 (7;) =k,

mxcynaa;=\/f:-a,mea.—:AC.

5
Ilo ycnopuio —.571 =k, HO

Puc. 16



§3. Orservi. Ykazawun, Peluserus A

H3 tpeyromsiika AB(C) no 'ieopeMe KOCHHYCOB HAXOMIMM:
& =ka’ = 2%+ (6 — 2’ — 2z(a— 7) cos 60° = 2’ + (a—2)* - z(a - ),

b 1))
3z° - 3az +a*(1- k) =0,

o " 3ataevi2k-3 a
1’2= _ -

- = (3£ VIZ=73),

T.e.

4B, = 2(3+VIZE=3), BC=3(3-VIZE-))

AB, = ‘—;(3 -V12E=3), B(C= %(3+\/12k— 3).

Tax xax 12k — 3 > 0, TO NOOYTHO NOXYYAEM, 4TO

1
k2.
4

1,34, Pewenne, O60snHaumM LAEC =8, FADC=8,, LDAC=«,

£BCA = o (pc. 17). Bospmenm Ha gyre AC Touky M, cHMMeTpRd-
HYI0 Touxe M oraocurensHo AC. Torma ZAMC = ZAM,C = 120°
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u 3 AAMC nonygaeM, 9TO

a+ ay = 60°,
Ho u3 AAEC nyveeM

B =180° = LBAC — &; = 120° - @),

aHaIoTHIHO, u3 AAD(C RaxoruM

B = 120° - a.
Takum ofipasoM,

BB =240° = (@ 4 a)) = 240° - 60° = 180",

Hi AAEC 1o reopeMe CHHYCOB

AC
sinf8

CE = - sin 60°

u u3 AADC ananoruvgo

§in 60° — AC -5in60°  AC-sin60°
sin B ~ sin{180° -8}  sinf

YTO M TpeOOBAIOCEL AOKA3ATE.

AD =

=CE,

1.36. ¥xazauue. Hemonnsyiire 10, 4T0

1
Saspc = Eah,

rae ¢ = AB, h — BricoTa TpevrombHaka ABC. C OpyTolt CTOPOHEL,

Saapc = Snams + Sasmc + Saamc (puc. 18).

1.37. Pewenune, OGoznavum AM =d;, MC =d,, MB =d, (puc. 19).
OrnoxyM Ha orpe3ke MB orpesox MK = AM = d,. Tlockonexy
ZAMB = ZACB = 60°, To tpeyromuux AMK papHocTropoHHWMit
U AK = AM = d,. Paccmorpum Tpeyronsinky AMC n AKB. B otux
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Puc. 18

TpeYroneHHKax AC — AB KaK CTOpOHBl PaBHOCTOPOHHEIO TPEYLOib-
Huxa ABC, AM = AK xak ¢TOpOHE DABHOCTOPOHHETO TPLYTONbHUKA
AMK, {MAC = /KAB xax yrau1, nononHmomue yron CAK go yr-
NoB MAK v CAB papuwx 60°. Utak, AAMC = AAKB, no5TOMY

KB=MC=d2 H d:;:MB=MK—I—KB=d1+d2.

1.38. Pewenne. M3 peyronsHuka AMC mo TeopeMe KOCHHYCOB

AC? = AM? + MC* =2 - AM - MC - ¢0s 120° (pHg. 19),

: az = d:; +d%+d|d2,
NO3TOMY VYMTHIBAA PE3YALTAT 3adaum 1.37, nomydaeM
B+ rd=dl+&+(d +d) =2d + &+ didy) =24,

T.¢. CyMMa df +d§ + d§ He 3aBUCHT OT TIONOXEHHA TOUKH M Ha OKpyX-
HOCTH.

1.39. Pewenue. [lycts M — TOUKA MEPECEHHS OKPYXKHOCTEH, ONHU-
CAWHLIX oKono TpeyrombHukoB BCA, m CAB; (puc. 20). ITokaxeMm,
YTO 374 TOYKA JICKUAT W HA OKPYXHOCTH, OIMMCAHHON OKOMTO TPEYTOMb-
nuka ABC,. B camoM nene, ZBMC = ZCMA = 120°, no Torma
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C,
Puc. 20

H LAMB = 120°, a 310 ¥ 03HAY4ET, YTO TOUKA M NEKHT Ha OKPYXKIO-
CTH, OMcaHHO! OKOMO TpeyroasHuka ABC|, T. &, manHble TPH OKPYXK-
HOCTH NepeceKanTesa B OAHOM Touke M.

1.40. Pewenns. 2) CoennHuM Touky M ¢ Toukamu A W A, u noka-
XeM, yto Touku A, M, 4 nexar Ha onxo#t npamoit (puc. 20). Cnpa-
BEITMBOCTD 3TOTO YIBEPXKIEHUA CASAYET U3 TOro, YyT0 £AMB = 120°,
ZA\MB = LA,CB = 60°, orxvaa ZAMB+ /A;MB = 180° T1.e. yron
AMA, pa3sepuyTHIil ¥ Touky A, M, A nexaT Ha OMHOH NPIMOii.
AHANOruuHoO HOKA3LBaeM TO, YTO TOUKAa M nexut Ha npambix BB,
H CCl
6) PaccmoTpuM TpeyronbHHKH ABA, m BCC,. BTH TpeyrOmbHHKM
paBHE Tak Kak v HHX AB = BC|, BA, = BC XaK CTOPOHbI PABHOCTO-
POHHUX TPSYroNbHUKOB ABC) u BCA,, LABA, = ZABC+ZCBA, =
LABC +60° = ZABC+ ZABC, = ZCBC,. V3 paBelicTsa TPEYTO/b-
HUKOB ABA, v BCC| Burexaert, uro AA; = CC,;. AHATOMMYHO A0Ka-
seiBacten 10, yto By = CC,, mostomy

AA, = BBy =CC,.
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Puc. 21

1.41. Nepsoe peienve, CoeMHHM TOYKY M ¢ BCPIIHHAMM Tpe-
yrometivka ABC # nposeneM uepes Toukn A, B, C npsaMule, NeprieH-
mukynsipusie npameiM AM, BM, CM coorsercreenno (puc. 21). Joxa-
XeM, YTO ToNmydeHHH TpeyronsHuk A;B,C| npasuaeHuii. PaccMoT-
PHM ueThipexyroneHuk BA;CM, B 3ToM yeTsipexyronsiuke /MCA, =
= ZMBA, = 90°.

CyMMa BHYTPEHHUX YITIOB YeTHIPEXYTOTBHAKA paBna 360° (kak cym-
Ma BHYTPEHHHX YT/IOB JABYX TPEYTONBHHKOB, HA KOTOPHIE OH pa30HBaeTCs
AMATOHANKIO), TIoFTOMY £BA1C = 180° — LBMC = 180° — 120° = 60°.
Auanornyno, ZA1B,C) = ZB1C14; = 60° n, takum oGpa3om, Tpe-
- ‘yromeunk 4,B,C, npasuneanit. Cymma paccrosvuit MA+ MB +MC
paBHa BBICOTE TIPABMITLHOrD TpeYTONBHHKAE AB;C) (cM. samagy 1.36).
Bo3eMeM BHYTpH TpeyronsHHKa ABC Touky N, coe/fMHHM €¢ © Bepiin-
HaMu TpeyronbHuka ABC, a 3aTeM ONYCTHM M3 TOIKH N TIepIeHAHKY-
aapst NA,, NB,, NC, Ha ctopounl B\C,, C1 Ay, A, B; TpeyronsHHKA
A B C) cootreTcTReHHO. Torna

NA; + NB;+ NCy = MA + MB + MC,

HO
NA+NB+NC>NA1 +NBz+NC)
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Puc, 22

(NA, NB, NC — runoTteHyakl NpAMOYTOREHEIX TpEYranbHiKoB A4, N,
BB, N, CCyN coOTBETCTBEHHO), IIO3TOMY

NA4+ NB+NC > MA+ MB + MC.

Bropoe pewenne. [TosepreM Tpeyroasuux ABC na yron 60° npo-
THB YacoBOll CTpenkH BOKpYr sepiuuus A. Torza tpeyrompHuk ABC
TIPUMET TIONOXeHue Tpeyroneimka AB,C,, a Touka M — Touku M,
(prc. 22). Pacemorpum TpeyronsHHk M, AM. B Hem AM = AM,,
M AM = 60° nostomy TpeyronbHuk M) AM papHocTOpOHHMI, AM =
= MM, u AM + MB + MC = MB + MM, + M,C,. Tlockonsxy
LAMB = ZC M A = 120°, ro rouxu B, M, M), C| nexar Ha OnHOH
npsaMofi. Jna mobSoi Touxn N, nexawmei BHyTpH TpeyronbHuka ABC
CYMMa pacCTOSTHHIA 3TON TOYKH 10 BEPHUIAH TPEYrONEHIKA PaBHa ATTHHE
nomanoit BN N, C), xoropasa Sombiie nnuHel otpeska npamoilt BC,,
T.e¢. AN+ NB+NC> AM + MB + MC.

1.42. Pewenwe. PaccMOTPHM OKpPYXHOCTH, ONIMCAHHBIE OKOMO Tpe-
yronsinkor ABC), BCA,, CAB, (puc. 23). D1H OKpYXHOCTH Nepece-
KaKTCA B ONHOIM Touke M, HasbiBaeMoil Toukoit Toppuyenu (cm. 1,39),
Coeaunnm touky M ¢ Bepmmuamu TpeyronbHuka ABC, a Touku
01,03, 03 — Mexuay coboit. ToUKH NepecedeHHs COOTBETCTBYIOUINX
oTpe3kor 06o3HayMM yepes 4,, By, C; (pwc.23). Tak kak ZAMB =
= ZBMC = ZCMA = 120°, To A1 HOKA3ATENLCTEA NPABWIBHO-
CTH TpeyrojbHHka (10303 NOCTATOUNO INOXAJATE, 4TO npaMsie AM,
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Puc. 23

BM, CM tepnenmTuKyIsSpHH COOTBETCTREHHO NpaMuM 0,01, O30,
0,0Q;,. Torna, paccMoTpeB YeThpexyromsunxn Q) B, MC,, 0;CoMA,,
O_3A2Mﬁz, HarmeM 1020103 = /.'020301 = 4010302 = 600.

[Nepner UKy AapHOCT: YKAMMHHBIX NPAMEIX CNEAVET H3 CIIPABeITH-
BocTU caemywwero dakra: mpamad 00;, coemMHAIONAT LEHTPEl ABYX
OKPYXHOCTEH MEPECeKAIMNCA B TOUKAX M) u M; nepreHRHKymap-
na mpamoft MM, (puc. 24). B camom zmene, AOIM 0, = AQ M0,
no TPEM CTOPOHAM, moatoMy ZM0(0; = ZM,0,0, u 0,0; saB-
AsIeTcs GHCCEKTPHCOR M, C/CROBATENEHO, BHCOTOH paBROGEAPEHHOTO
‘rpeyronbHnKa M0 M.

Puc. 24
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By

Puc. 25

1.43. Pawenune. 0603HaunM ZCAB = o M paCCMOTPHM TPEYrONBHAK
020;4 (puc. 25). Ilycte AB = ¢, BC = a, CA = &. Torna
b b b

A0y = 3= ZOAC ~ 2¢0s30° /3

AHanmormyho, AQ; =

KOQCHHYCQB llOﬂyqaCM
¥ o 2 o
(0203)2 = E) + 3 '3—116'008((11-60 y =

(s 2 1 ﬁ _
_5.(1; +¢° - 2be (zcosa 5y sina ) )=

= .;-(bz +¢ —becosa +2V38),

u w3 tpeyrosibHuka (3,034 no Teopeme

£
V3

TIe 8 = Sasac. Ho Ha Tpeyronsuuka ABC no TeopeMe KOCUHYCOB

az =P +c2 — 2becos v,
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no3ToMy
1
¥4 -becosa = -;—(b2+c2+b2+cz-2bccosa) = E(oz-i-b2 +J).

Hraxk,
.
(0,05)* = E(az + b+ +4/35).

NockomKy Tpcyi'onbﬂﬂx 00,03 nparaneHul (cM. 3agaqy 1.42), To

0,0, V3 _ V3, , |
SAo.o,o,—( i 33 ( +¥ +c2)+ S—
Vi, o 1 '
= S+ +c2)+5\/p-(p-a)(p-b)<p—c),
Toe p= a+z+c — moxynepuMeTp TpeyronsHuka ABC.

1.44, Ykasauwe. [lycts ZCAB = q. Mokaxure, yro

20;A0,=60"—a mpH 0 < o < 60°

H
L0340, = - 60" mpu 60" < o < 180°,
Torza '
(0,0:) = l(c2~+ b - 2bc- cos (60° — @) =
é(a + 5+ —4v38) = (0,0 = (olo,)",
OTKyza

0203 = 01 02 = 0103.
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1.45. Pewenne. HMcnomesya snadeHue (0203) TIOTYueHHOE B peule-
HHMU Npeapuynrei 3aaa4m, HaxoauM:

(0:05)°V3 »/’ V3

=5 +b2+c’)-—s—

S20,0,0,=

=g(aubua)—%Jp@—a)@—b)@—c)-

1.46. Pewenne. Ilycrs S; n § miotuany BHEUHEND W BHYTPEHHErQ
Tpeyronsnuka HanoneoHa coorsercrpeHno. Torma

\/5 2 2 2 1 \/g 2 2 1
S;'—':EZ(& +b +C)+is, Sz="2-4—(ﬂ +b +C2)-53,

e S mnomank peyrassHuka ABC (M. peiennst saaaw 1.43 w 1.45)
H Sl - Sz =5.

1.47. Orser.
a) BCe TOYKM 3ALITPHNOBAHHOH obnacTu (pHe. 26);

6) Bce TouXM MpHHALIEXAlMHE OCBETMHEHRIO KPYTOB, TIOCTPOSHHBAX
HA CTOPOHAX TPEYTONLHUKA, KaK Ha AuaMmetpe (puc. 26).
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1.48, Pewenue. Tak xak § = \/p(p ~a)(p-b)(p—c) n p dux-
CHUpORAHHO, TO S MAKCHMAIbHA, SCTH MAKCKMATBHO NpPOM3BEleHME
{p—a)(p — b)(p — ¢). Cymma comuoxureneil B pocaenHeM Ipousseie-
HHH MOCTOSHHA

(P-d)+(P—b)+(p-C)=3p?(a+b+c)=3p—2p=p, :

O3TOMY BOCTIONB3YeMCSH TEM, UTO CPSIHEE TEOMETPHHYECKOE TPEX. HEOT-
PUUATEABHMAIX YHCE HE TIPEBOCXOMMT CPEAHETD apihMETHUECKOT0 3THX
yHcen:

T Z
3,ixyz g Lg.-"v_’
MpHYeM PABEHCTBO JOCTUIACTCH B CIyyae £ = y = 2. B HallleMm crydae
3 3
P r
~a)p-Bp-a<{s) ==,
o-00-ne-9< (2) =L
Win
4 2

r r
S =pp-a)p-dp-0< =, S<-—7,
TIDUYEM DEBEHCTRO AOCTUIASTCH NpU 6 = b = ¢, T. €. PABHOCTOPOHHHMA

TPEYTOLHUK UMeeT HAUBONBIIYIO IUIOLANS CPEIH BCEX TPEYTOSBHUKOR
 C DAHHKIM TIEPHMETPOM.

7.49. Pemeuu;. arhy = tahs = azh;y = 28 = 2pr = r(e) + ax + @3),
OTKYyAd

h = —(01+Gz+ﬂ3). hy = ——(al+a;+a3), hy = —(a]+ag+03).
a; a; a3
Hrax

k+h+h—r(a+a+a)(1+]+1)—9r
1ttty =rioto+a)- =+ o+ )=

(@) + a2 + a3) (i+i+~]—)—
ay 2 K] PP 03- b
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[Mocnenxee PAaBEHCTBO MOXHO MEpenucaTh 8 BUIE

Gra)roara)+ (a)
| —+—|t+ta| —+—})+|—+—)=6
a; O3 2 a3 @ @

WM, PACKPbLIB CKOOKHM M NeperpynnypoBas CiaraeMble B JICBOA 4acTH,

HOTYYHM:
Q) a: 1] a3 a;
—+— ]+ —+—)+|—=—+—]) =6
ar G a o @ ar
B kaxioit u3 CKoGOK NeBOH YacTH MOC/ieniero papeMcrsa CTOUT
BLIpPaXeHWe RHOa
: 1
T + )
I _
s KOTOporo npi & > 0 BBINOJIHAETCA HEPABEHCTBO
1
x+—22
T

{3710 HepaseHCTBO NPU & > ( 3KBUBANEHTHO CASTYIOLIHM:
1z, P -2+120, (z-1)°20,

3AMETHM TAKXE, UTO ATO HEPABEHCTBO MONE3HO 3ANOMHHTH, TAK KAK OHO
4acTO MCIONB3YETCA TIPH PEIEHUM PATHUHBX ajireOpandyecKux Saﬂaq)
OpMYeM PAaBEHCTBO AOCTHIACTCA IIPH T = 1.

HTak, paBeRcTBO

/] a a a a a
52D
d; 0 a; a G @

HMEET MECTO TOJNBKO NIPH

OTKyOa ¢AeayeT
) = a) = ay.

1.50. ¥xazawwe. M3 parcHcTR

a+hy=b+hy=c+h, ah,=0bhs=ch,=28
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28 28 28
6+ —=b+—=c+-—=4g¢,
a b c

T, €. YHCIA &, b, € HENAKOTCH KOPHAMH KBaapATHOTO YPaBHEHMA
g’ —qr+25=0.

Tokaxure, YTO IpeATIONOKeHHE 0 TOM, UTO He BCe YHUCIA ¢, b, ¢ paBHBI
MEXIY coboi, TPUBOIKT K NPOTHROPEVHIO.
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MpaMoyronbHbiit TPEYronbHUK

§1. 3apnauu

2.1 I OmiH 13 KaTeToB ITPAMOYTONBHONO TPCYIrOJIBHUKA BABOE MEHb-
W€ ero rroTeHy3sl, OnpeneuTe YT 3TOrO TPeyTONbHHKA,

2.2 3Haa LIWHKT CTOPOH TIDAMOYTONBHOTO TPCYTQAbHAKA, olpenc-
JIATC:
a) pauyc BIUCAHHOW OKPYXHOCTH,
§) pasuyc BHEBMHCAHHON OKPYXHOCTH, XacCalollelics THNOTEHYsb U
NPONOTKCHHIA KAaTeToB,

B) paguyChl BHEBITMCAHHLIX OKPYXHOCTEH, KACAOLIMXCA OJHOTG U3
KaTeTOB M MPOAO/LKEHHH IMNOTERY36] U APYIOIO KaTeTa.

2.3! Ompegenure BHA TPEYIONLHMKOB, KAXIBIH M3 KOTOPEIX MOXHO
pajpelaTb Ha ABa NOAOCHLIX eMy,.

2.4
a) JIoKaXuTe, 4TO B MPAMOYTOLHOM TPEYTONRHHKE MEAMAHA, TIPoBe-
JEHIAd U3 BEPUIHHEI IIPAMOIrO ¥riia paBHa TOIOBUHE THIIOTEHY3EL,
6) HoxaxnTe, YTC BEPHO H OGPATHOE: eCTd MEAHAHA, NMPOBEIeHHAS
13 BEPUIMHEBI HEKOTOPOTO YT1a TPeYTONRHUKA PABHA MOIORWHE NP0~
THBOTOJKOKAGH €My CTOPOHEI, TO STOT yron — NpAMON,

2.5| Bricora, ONyMIeHHAsA M3 BEPIIWHEL TPAMOTO YII1a MPIMOYTOIE-
HOIO TPEYTronbHUKA, PABHA KOPHI0 KBAaAPATHOMY H3 [IPOHIBCACHUS NIUH
OTPCIKOB, H4 KOTOPHEC UHA ACJIHT THIIOTEHY3Y.
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2.6[ Haitri TeOMETPHICCKOE MECTO TOYEK NEPECEUCHHA MEXUAH BCe-
BO3MOXHEIX MMPSMOYTONELHEIX TPEYTOMBHHUKOR, THIOTeHY3a A B KOTOpHIX
3adMKCUpPORaHA.

2.7| Tlycte 6 ¥ b — JUTMHBI KATETOR MPAMOYTONEHOTO TPEYTONBHH-~
- X8, 8 ¢ — JUIKHA Ero THUNOTeHY3H. JokaxuTe, WTo Wid Beex N > 2
" BBLLIOJIHSETCH HEPABEHCTBO!

a + 8" <.

; 2.8| IIycTh 6 B 8 — XaTeTHl MPAMOYTOIBHOTO TPeYTONEHHKA, 4 b —
. BEICOTA, OTIYIMEHHAS W3 BEPIIKHE NpaMoro yraa. JIokaxure, uTo:

1 1 - 1

P

: 2-9

a) B HCPaBHOOE/IPEHHOM NMPAMOYTONBHOM TPEYIDJIbHHKE W3 BepIIH-
Hbl NPpAMOTD YINIa IIPOBEIEHH MenviaHa, OHCceXTpHca M BHCOTA.
JokaxuTe, yro GHccexTpyca AT VIO MeXOy MedHaHO U BH-
COTOM 110monaM,

6) Tlokaxmre, 4TO BEpHO M 0OparTHOe, T, &, BCIM M3 BepmMHH C He-
paBHOGEIPEHHOTO TPEYTONEHMKA NPOBeNeHa GHCCEKTpHEA, KOTO-
pas JETWUT YIOJ MeXay MCIMaHOH M BHICOTOM, NpOBENCHHBIME
13 TO# Xe BEPIUIMHB, IIONO0JIAM, T0 yrofx ' — IpsiMoit.

2.10[ Meapana, GUCCeKkTpUca M BLICOTa, (IPOBEIEHHbIE U3 BEPIIMHEL
OIHOTO W TOTrC X€ Yr/a HeKOTOPOTo TPEYIONbHHKA, HNEeaST 3TOT YTos
Ha YeTHIPE PaBHBIE YacTH., Hajinure yTnu TpeyTONLHHKA.

.2,11] Tlocrpoite npaMOYro/ibHELH TPEYTONBHWK, BIUCAHHBIA B DaH-
"HYI0 OKPYXHOCTS TAK, 9TOOLBI €rQ KaTeThl IPOXOJUNIN COOTBETCTBEHHO
. gepe3d IBe 3AMAHHEIE TOYKHW BHYTPH OKPVIKHOCTH.

2.12| TIlycte croponnl @, & u ¢ Tpeyronsunka ABC cooTBercTBEH-
HO ApoTHBOMONOXHE yvriam A, B u €. Jlokaxwre, 9r0 TpeyroasHUK
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. ABC — npsaMOYIOABHEI# B TOM W TONBKC TOM CIYYae, KOTAA HMEET
MECTO PABCHCTBO '

abcosC + becos d + accos B = ¢,

. 2.13[ (YerHo). JlecTHuLA INMHE K BEPTHKANBHO NPUCTRBACHHAA K
CTeHe, HAaYMHACT COCKA/IL3BIBATE BHU3. YIANET /MM JISCTHHUA HA IO,
eCNU ee cepeia 6HNA IpUBSIasia K 1iony Bepeskoil anuum {1/2)A?

2.14] Ha rumoTeHy3e NPAMOYNONEHONO TPEYTONLHMKA KAaK HA CTOPO-
He BO BHEIUHIOW CTOPOHY IOCTPOSH KBaapat. JoKaxuTe, 9TO OTPe3oK,
COSOUHAWMA BEPIUUAY NPIMOTO YINA TPEYTONEHHKA ¢ HEHTPOM KBall-
paTa, JZENUT 3TOT YTON TAMonam.

2.15| (Yorno). okaxure, uTO M3 BCeX TPEYTOJBHMKOB € ABYMA 3a-
IAHHEIMM CTOPOHAMHM @ M & MAKCHMAIBHYIO ILTOLIRXE MMEET TipAMO-
YIONBHLI TPEYTOALHMK, TTPHYEM 3TH CTOPOHB ABIANTCA KaTETaMH.

16[ 3Has KaTeTH 6 WU D NpSMOYTOABHOTO Tpeymnbum, HalinHuTe
JITHHY SHCCEKTPUCH! TTPAMOro YIia.

2.17] TIlycrb pasuyc OKPYXHOCTH, BITHCAHHOMN B RAHEBIH NPAMOYTO/Tb-
HBU TPEYIONBEHHK ¢ KATETAMH & H b, paned r, a paainyc omMHcaHHolf
okpyxrocty R. Hoxaxure, yro a +b=2(R+r).

2.18] Ha runorenyse 4B npsMoyromsHoro Tpeyronssnka ABC Hatt-
HHTe TAKYIO TOUKy M, 4TOOH! OTpe3oK, COenHiMOmUlii OCHOBAHHUA Mep-
NMEeHIVNKYNAPOB, ONYLIEHHEX U3 3TOH TOYKH Ha KaTeTHl, IMeN HAWMEHb-
WYKO JTHHY.

2.19] Onpenenure yriisl TPEYrONbHHKE, B KOTOPOM MEAMAHA W BEICOTA,
TIPOBEICHHBIE U3 REPINHHL OOHOTO H TOTO Xe VIR, AeNAT STOT Yroa
HA TPW PABHRIE YacCTH.

2.20! (Yeruo).

a) Jloxaxure, YTO B HPAMOYFOALHOM TPEYIOAbHUKE BHCOTA (COOTBET-
CTBEINIO GHCCERTPHCA), NIPOBEACHHAAR U3 BEPLIMHEI APAMOTG YT -
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PaBHA MONOBUHE TANIOTEHY3H B TOM H TOJLKO B TOM Cydyae, Korjaa
TPEYronsHUK paBHOGEAPCHHBLIL,

- 6) Onpenerdre YK NPAMOYTOVISHOIO TPEYLOIbHUKA, €CM NPOH3Be-
JEHWE BHICOT JTOCO TPEYTONBHMKA B B4 Paja MEHBLIE MTPOM3BERE-
HHS eTo CTOPOH.

2.21 { Joxaxure, UT0 JaMHEI{ TPeYTONLHUMK NPAMOYTONEHEI TOrma
M TONBKO TOrOa, KOIAa KBANPAT CHHYCA OAHOIO YA 3TOr0 TPEYTOILHMKA
PaBeH CYMME KRAAPATOB CHHYCOB ABYX NPYTHX VIJIOB.

2.22 | Halinure Yrmel TpeyroabHHKA, ABE BHICOTE Kompbm He MEHbILIE
- COOTBETCTBYIOHMIMX CTOPOH, Ha KOTOPhIC OHH OIYLICHb,

2.23

a) Jlora¥xuTe, 9TO MIOMAAL NPAMOYTONLHOTO TPEYTOMLINKA PABHA
TIPOM3BEACHNIO OTPE3KOB, Ha KOTOPHE ACHHT MMTIOTSHY3Y TOYKA
KaCaAHMsl BITHCAHHOW OKPYXHOCTH.

6*) doxaxure, ITo BepHO M OGpATHOE: €CIH MUIOMANE TPEYTOVILHMKA
PaBHACTCA TMPOM3BEACHUID OTPE3KOB, HA KOTOpPHIE TOUKA KACAHHA
BIUCAHHON OKPYXHOCTH JETUT QIHY H3 €ro CTOPOH, TO YIoa Tpe-
VTONBEHUKA, MPOTHBONEKAMIE 3TOH cTOpoHe, TIpaMO,

2.24] TToctpoiite npaMoyronsablit meymni.ﬂmc 110 THTIOTEHY3# H TOoY-
Ke, B XOTOpO# ee kKacacTesd BITHCAHHAS OKPYXHOCTB.

2.25| ITocTpoitTe NpIMOYIONBLHEIH TPEYTOIEHHMK O ABYM €ro Memua-
HAM M; M M, NPOBENCHHBIM K KATETaM.

ml [tocTpoiiTe MPAMOVIOABHEN! TPEYTONBHEK MO:
a) TUTIOTEHY3E ¥ CyMMeE KaTeTos;
§) runmoTeHy3e ¥ PasHOCTH KATETOB,
B) palimycaM BIMCAHHON W OIMCAaHBOR OKpYXHoOCTell;
T} KATETY ¥ Pa3HOCTA MEXIY IMIIOTCHY30K W APYTVIM KATeTOM;
n) KATETY ¥ CYMME PHIOTEHY3H M APYTOTO KATeTa.
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2.27| Haiinure reoMcTpWueckoe MecTo BepmyH € HEM3MEHSeMO-
ro NpsMOYIOJBHOTO TpeyrontHuka ABC, rumotetiysa AB xoToporo
CKOMB3UT N0 CTOPOHAM 34JAHIOI0 HA MUIOCKOCTH TIpsAMoro yoia O.

2.2a

a) Hoxaxwre, 9T0 B MOGOM TPSMOYIOAEHOM TpeyTonbHuke ABC
(£C = 90°) cymna KaTeTOB MEHBUIE CYMMBL THIIOTEHY3H M ITIO50T0
otpeska CE, rae Touka F NpHHATIEXUT THNOTEHY3E,

6) Jokaxure, 4To A1 MOBGOra NPAMOYTOILHOTO TPEYTONLHUKE

c+h 3V2

a+b = 4’
e @ M b — xareynbt, € ~— TUNOTEHY3d, & — BBRICOTA, ONYILEHHAA
HA CHITOTEHY3Y.

2.29] HDokaxure, 9o sl MOBOre mpAMOYrGJIBHOTO TPEYroALHHK2
UMEIOT MeCTO AROHHLIE HEPABEHCTBRA:

2) ¢<a+b< 1,5 6) 0,4<£—<0,5,

rae ¢ ¥ b — KareTsl, ¢ — THIOTCHY3a, T — DaMyyc, BITHCAHHON
OKPYXHOCTH, &4 i — BHICOTR, ONYRIEHHAS HA TMNOTEHYaY.

2.30I TloctrpoiiTe npaMoyroaLHuIx Tpeyronbeuk ABC no runoremnyse
AB v vemmane AA|, nporesicHHOI K KaTery BC.

2.31| (Ycrho). TIpH KakoM NojoxeHuu oTpeska AB, cronb3smiero
1O CTOPOHamM npuaMoro yraa O, nnowane TpeyronbHHka AOB 6yaer
HaubONbIIER?

2.32| JokaxuTe, YTO pa3HOCTE KBaAPATOB OTPE3KOB, Ha KOTOpRIE pas-
OMBAeT THIIOTEITY3Y NEPNENTNKYIAP, ONYINeHHEIH H3 cepeiiHE OAHOTO
- XaTeTa NpAMOYTOJIbHOTO TPEYTOIbHUKA, PABHA KBAAPaTy APYroro KarteTa,

2.33| (Yeruo). Ha runoteHysy AB npsMOYTONBHOTO TPEYTOTBHWKA
ABC onyuwed neproeHnukyasap EF y3 npou3BoAbHON ToYkH E KaTeTa
AC. Hokaxure, uyto LECF = /EBF.
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2.34| JloxaxwTe, 9T0 THIOMWIANE TTPSMOYTOXGHOTO TPEYTONLHHMKA € 0CT-
PHiM YIAoM B 15° pasHa 0XHOM BOCBMOM KBajpaTa TANOTSHY3RI,

2.35| B TpeyronbHAKM, Ha KOTOPHIC Pa3OHBACT AAHHBI [PAMOYIONb-
HBIH TPEYTOMBHUK BBICOTA, OITYLIEHHAA HA THIOTEHY3Y, BIIHCAHBI OKPYX-
HOCTH DAJfHYCOR ¥ ¥ ;. '
Hokaxure, 970
1*) rf +ry =7, THE T — PAIHYC OKPYAKHOCTH, BIVICARHOI B CXONHSIA
TPEYTOLHUK,;
2) r 47, ~r ="h, ie h — BLICOTA, OTIYIEHHA Ha FUMOTEHY3Y.

2.36| Ha rumoTenyle AB mpaMoyronsioro Tpeyrontarka ABC or-
medernl Toukn B u F takue, uto AF = AC n BE = BC. Halinre
yron ECF.

ggﬂ B npaMoyromsHoM Tpeyronsnuke ABC (£C = 90°) nposesena
meavada CM. B rtpeyronsiuk ACM pnucaHa OKpYXKHOCTL, KOTOpPas
kacaercs orpeska AM B Toyke E, agerdwei ero nowonaMm. Hadignre
yrael Tpeyronsauka ABC,

2.38ﬁ JAoxaxkure, yTo WL OO0T0 NPSMOYTOALHOIC TPEYIOJILHHKA
BEPHM HEPAREHCTRA!

i V2-1) ¢
1 - ) r&<—mc< =,
| Y r< 5@ ) 3 < y
Th¢ @ — Karel, ¢ — IHIIOTCHY3A, T — padlyc BIHCAHHON OKPYXHOCTH.

2.39| OnpesenuTe yoibel OpAMOYTOILHOIO rpeyro.rtmmlca, INnA KOTo-
poro oTHOWeHwe pagHyca K ONMUCAHHON OKDYXHOCTH K pamuycy T
BIHCAHHOH OKPYXHOCTU:

5
a) paBHO 5; 6) naumelrplee.

2.40[ Ha runotenysy AB 1paMoyTronsHOTo TpeyronnHHKa ABC omy-
menHa peicota CH. B tpeyronsuuxe ACH nposcnena Guccektpica CF.
Hoxaxure, uro BE = BC.
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Puc. 27

gﬂ (3amava o «iyroukax Fummokparae). Ha rumoTeHyse u xare-
TaX NPSAMOYTONLHOTO TPEYTOALMWKA, KAaK HA JMAMETPaX, NMOCTPOEHBI
NUJYOKPYXHOCTY TAK, KAK YKA3aHO Ha pHC, 27, JOKaXHUTS, 4yTo CyMMa
10ILAaEH IBYX 3aIUTPHUXOBAHHELX «IYHOUEK» PABHA ILTOWALH TPEYTONk-
HUKa, -

2,42| [ToxaxuTe, 4TO eCHH CTOPORB NIPAMOYIONBHOMO TPEYTOIbHN-
KA — IIeJINe YHCHA, TO MPOM3BeNeHHE KAaTeTOB OeMNTCa Ha (2,

2.43| (Yerno). Nyers O — LEHTP OKPYXHOCTH, BIMCAHHOM B TIpd-
MoyronsHbit Tpeyromsank ABC (ZC = 90°). Nokaxure, 4To

ZAOB = 135°.

2.44|

1) [MMOTeHY3a M KaTeT! NPAMOYTONLHOTO TPEYIWILHHKA ABASIOTCS
CXOACTBEHHBIMH CTOPOHAMH TNMOCTPOSHHBIX HA HMX W MONOGHBIX
Mexxy cofoit TpeyronbHuKXoB. JoKaXHTe, YTO NIoalb TPEYroNb-
HWKa, NOCTPOSHHOTO Ha THNOTEHY3¢, paBHA CyMMme Molanei Tpe-
YTONKHHKOB, TIOCTPOEHHBIX Ha KATeTax.

2) JloKaxuTe, 9T0 €CAH TUIOTIARY ABYX NIPIMOYTONBHMX TPEYTOMbHH-

KOB OTHOCATCA KaK KBaJAparkl CUMOTEHY3, TO 3TH TPEYTONbHMKK
nopoGHH.

2.45| Ilycte X — nmpowdBoaLHas TOUKE H2 runorenyse AB npsamo-
yromsHoTro Tpeyroneiuka ABC, mpuyem AX =m, BX =n, CX =d.
Monaraa AB = ¢, BC = a, AC = b, nokaxoire, IT0

a’m? + t'n’ = A&
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2.48] Vs Bepwwmsl C npamoyromsHoro Tpeyroasinka ABC omyue-

+ Ha Bricota CH Ha runorenysy AB. B o6pa3joBasiivecs TpeyroabHU-
. xu ACH u BCH pBnnrcaHbl OKPYXHOCTH ¢ LUEHTPAMH COOTBETCTBEHHO

B ToyKax O u Oy. [yers npamele €O, n CO; nepecekalor AB coor-
BeTCTacHHO B Toukax M u K, a npamas 0,0,, nepecekaer Katersl AC
1 BC cootBercTecHHO B Toukax E n F.
Hoxaxarre, 4TO:
1) AC = AK, BM = BC; :
2) npamuie 0'0, n BC (cootser. 0'02 n AC), tne O’ — Touxa Ka-
CaHMA BMMCAHHOM B TpeyraisHHK A B OKpYXHOCTH THIIOTEHV3HI
AB, napaanensHu;

3} npamaa 010, orcexaet Ha Katerax AC u BC OTpe3kH, paBHEIE

Bucore CH, 1.6. CE = CF = CH;
4) EF = hv/2, 11e h = CH; |
5) touru E, H, 03, C (cooms. F, H, 0|, C) iexaT Ha o0HOX OKpYX-
HOCTH;
6) 501302 = gﬂn;
7 00, = rv/2, rie r — pagHyc BrCaHHON B Tpeyromeaux ABC
OKPYXHOCTH;]
8) LEHF = 135",

{ 2.4?| [TocTpouTE IPAMOYTO/ALHEIR TPEYTOABHHUK, JHAR PAIMYCHL 1) H

2 OKpyXHOCTel, RTMCAHHKIX B TPEYTOMRHMKY, HA KOTODLIE pasbuBaer
HCXOMHSBIH TPEYTOABHMK BEICOTA, ONMYUIEHHAA Ha THIOTEHY3Y,

2.48| (O6oSmennas Teopema Mudaropa). Bucora CD npsaMoyrons-
HOTO TpeyronsHuka ABC onyweHa Ha rumoreHyay. Ilyers I, [ B 1. —
COOTBETCTBEHHO CXONCTBEHHEE THHEHNHEE SAeMEHTS] B MOAOSHELX Tpe-
yronmeunkax BCD, ACD w ABC. Jloxaxure, 410

B+i=2

2.49| Buyrpu npamoyronsHoro Tpeyromsanka ABC (£C = 90°) Bui-
6pana Touka O TaK, ITO MNOAnK Tpeyronsiukos AOB, BOC u AQC
pasHl. Jokaxure, UTo :

04* + OB* = 50C™.
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2.50] [Moctpotite MPAMOYTONEHEN TpeyrambHHK ABC, 3Hag Bepiv-
Hy C npsmoro yrna v ueHtpel O W O RIHCAHHON H OMHCAHHOMN OKpYX-
HOCTEH. , ' :

1.

2.

3.

§2. 3apa4n AN CAMOCTORTENLHOO PELIeHU

JoxaxuTte, 4T0 JaHHEI TPEYTONSHWK NMPAMOYTOAbHBIK W paBHO-
GeapeHHEIH TOTAA H TOABKO TOTHA, KOria

sin A 4 cos A = sin B 4- cos B,

e A W B — #pa ymia TpeyrojibHAKa,

(YcrHo). HaiimuTe reoMeTpIueckoe MeCTo TOUeK TISPECEeHMA Me-
JIHAH BCEBO3MOXHEIX TIPAMOYTOALHEIX TPEYTONEHHKOB, BRHCAHHBIX
B IAHHYIO OKIYXHOCTS.

B ycnoBnax zagaun 2.18 A0OKaXKHMTe, YTO IUIOWAAD YETHIPEXYIOJIb-
tmka CEMF, rne E v F — 0CHOBIHWA NepNeHOINKYNApOB, OymeT
HauOOMBUIC B TOYHOCTH, KOrda Touka M — cepennHa 4B.

B npamoyronsaoM Tpeyronsnuke ABC /C = 90°, AC = B(C,
ToukH E M F pgenar karetr AC wa tpu pasHere Yactd. JJokaxure,
qTo

LBAC + £BEC + ZBFC = 90°.

. (VerHo). MocTpoiite pasroGeaApCHHBIA IPSIMOYTOIBHBII TPEYTONb-

HUK, 3HAf CYMMY I'WITOTEHY3b K BRICOTHI, ONTYIIEHHOA W3 MpAMOTo
YTaa. '

. Paauyc ONMUCAHHOA OKOMIO JAHHOIO NPSMOYTONBHOTQ TPEYTONBHH-

Ka OKPYXKHOCTH paBeH R, a ero wromans — S. Havtnure paguye
BIIMCAHHOHN B 3TOT TPEYTONBHUK OKPYXHOCTH.

Toctpoitre NPAMOYTONBHEIR TPEVIOJBHHEK, 3HAY €ro IUIQLIALE U
CYMMY KaTeTOB.

JIoKaxHTe, YT ecnn B Tpeyraibhyke ABC
ZA=2/B w AB =24C,

10 £C = 90°, T. ¢. IPEYrONbHUK — MPAMOYTONLHEI.
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9.

10,

11.

12.

13.

14,

15.

Jokaxure, 4To BHICOTA B PSIMOYTONBHOM TPEYTONEHUKE, ONYLICH-
Hasi H3 BEPLUIMHEI TIPAMOre YIna, pa3bnBaeT THITOTEHY3Y Ha OTpe3-
KH, OTHOLUEHHE KOTOPHIX PABHO OTHOIUECHHIO KBRAPATOB KAaTETOB.

Tlyets A — BEICOTZ, OMYTIIEHHAA Ha THITOTEHY3V ¢ MPSIMOYTOMBHOI'O
TPEYTORBHUKA ¢ KateramyW @ M b, Hokaxure, 4yTo TpeyroIbHUK
co cTopoHaMH a-+b, h u c+h Taxoke npAMoOyronbEBIA. Olipeacnure
er0 TUTIOTEHY3Y.

JOKaXHTE, 4TO B NPAMOYTOITBHOM TPEYTONBHUKE IO § NMe-

€T MEeCTO PABEHCTBO
r=+185+ R? ~ R,

Tae ¥ ¥ B — COOTBETCTBEHIIO PAAMYCH BNUCAHHON M OonUcaHHolt
OKPYXHOCTEH.

Tlyets § — IUTOMANE IPSIMOYTOIBHONO TPEYTONBHMKA, P — €Io
TIOSYMEPUMETD, ¢ — TUMOTEHYIa, a B b — KaTersl. JJoKaxuTe, YTO

S=pp-¢)={p—a)p-0).
TlocTpoitTe NPAMOYTONBHBIA TPEYTOAbHKMK IO MHOOTEHY3E N GHC-
CeXTprce NpaMoro yria. ' ' o
Tlycrs 7, 1, 75 ¥ £, — COOTBETCTBEHHO PANWYCH BITUCAHHOW
H BHEBMUCAHHBIX TR OaHHOTO TPCYTOTbHUKA OKpyxHocTed. Jo-

KOXWTe, YTO TPEYTONEHHK OyZIeT IPSAMOYTONEHBIM B TOM W TONBKO
8 TOM CHyYae, KOraa » s = '3 * Tp.

JToKaXuTe, 9T €CIIH OAUH M3 YIJIOB TPeyToMbHHIKA pasen 120°, To
TPEYTONMbLHUK € BEPIINHAMH B OCHOBAHMAX GACCEKTPHC — NPSIMO-
YTOMGHEI.

§ 3. Ovsernl. Ykasanuwa, Pewennn

2.1, Oraer. 30° u 60°.

- i ] . 1
b 2.2, Oteer. a) 5(a+b—c)=p—rr, 6} -2-(a+b+c)=p;

1 1
B) §(a+c—b)='p—b H 5(b+c—a}=p-a,
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rae @, b ¥ ¢ — COOTBETCTBEHHO JUIWHBL KATETOB H [HIIOTEHY3H 4aHHOTO
TIPAMOYTOALIIOTO TPEYTONBHMKE, @ P — TONYTIEDHMETD.

Pewenne. a) [Iycts
AB=¢, AC=6 u BC=a,

r — pajuyc BOMcaHHO! okpyxHoctH (pnc.28), E, F u G — roukn
KAaCaHHS BNMCAHHON OKpyxHOCTH. Torna

EC=FC=r,

OTKYZA
AE=AG=b-r.

AHANIOTHEHO BG=BF=g-r.

TaxuM o6paizoMm, .
¢=AB =AG+ BG = (b—*r)'-f-.(a-r},
T. €. 1

r=3

6), B) PenreHue aHATOTMYHO MYHKTY a).

(@+b-c).

Powenne. TToxakeM, YTO 3THM CBONCTBAM 061aNAKT TONBKO TIPAMO-
YTONBHEIC TPEYrOABHHKM. BCAKWI TIPAMOYTONBHGLIE TPEYTONBHWK Bhl-
COTOI, OPOBEACHHON H3 BepulMHEL NPAMOTO YTNA, pa3pe3acTes Ha 1Ba
NOXOOHERIX €My TPEYTONLHMKA.
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c

A E B
Puc. 29
Q6patHo, nycrs otpesok CF aeaut AABC ua noaoGHHE eMmy
Tpeyronbiukd ACE u BCE (puc.29). Ecnu yrinl & ¥ 8 He paBHH
‘Mexay coGoii, To B ¢UNy TIONO6HS COOTBETCTEYIOMMX TPEYrOJEHIKOB

OHH paBHBI Pa3HeIM yiiaM AABC, 4T0 MPOTHBOPEYHT TOMY, YTO VITTHE &
¥ 8 — CMEXHbIe, T. €. YCIOBHK

a+ 8 = 180°,

Takum oGpa3zoM,
Za=Z28=90°,
otkyna AABC — TpsMOYTONEHE.

2.4, Pewenue.

a) O9¢BHIHO B CWIY TOTO, YTO IEHTPOM . ONMMCAHHON OKOJMO YIps-
MOYTONBEHOTO TPEYTONBHHKA OKPYKHOCTH SWIAETCA CEPEMHA CTo
THIOTEHYIH.

6) OGpaTHO, eCTH MeqMaHa AENVT COOTBETCTBYIOIUIYIO CTOPOHY TpE-
YIO/IBHHKA HA PABHELE el OTPE3KH, TO, OYCBHIHO, OCHOBAHHME M-
aHbl ABIFETCH LEHTPOM OMHCAHHON OKONO TPEYTGILHIKA DKPYXK-
HOCTH, OTCI04a C/IGAMYRT, YTO YTOJ M3 BEPLUUR KOTOPOTO IIPOBEACHA

MeAMaHa, ONMpaeTcsl Ha AHaMeTP M, CTANO GEHITD, ABMAeTcs Mp4-
" MBIM. '

2.5. Yxazawue. Paocmmpm NoA0GHBIC TPESYTONBHHKHA, HA KOTODHE
BLICOTA PA3IGMBAET HAIMHBIH IPAMOYYONBIILIA TPEYTONBHHK.
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e v v ot

2.6. Ornar, Oncpyxuoc'rb C LEHTPOM B cepenune O mnoreny3s: AB
M paauyca, paBHOro EAB’ 6ea IBYX TOUEK 3TOIf OKPYXKHOCTH, TIPUHA/L-

TMEXAUWUX OTpeaky AB.

Ykazawne. Bocromsayitrect 3anavamu 2.4a u 4.3 (W1 camocTosTe h-
HOTO perueHus).

2.7. Petuenune. B cmry Teopemet [udaropa
ol + 6 =,

OTKVIA _
"+ ="+ < P+ P =

=" @)= d ="

-2.8. Powenns, M3 noxobua tpeyronbhukos ACH u ABC, rne H —
' OCIIODaHKe BHCOTHI, OMYLIEHIION U3 beplMHbl £ npamore yraa (pue. 30),
TOMYYHM TIPOTIOPLMIO: '

AC _AB
CH BC’
OTKYZa
11 AB _ ¢ _@+¥ 1 1
K CH' AC*-BGP T &0 oW & W

2.9. Peiwenue, a)—6). OGosHaTM 9epe3 O — UEHTp ONMHCaHHOH OKO-
o TpeyrotbHuka A BC OKpyRHOCTH, a uepe3 F — TOUKY nepeceveHus
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C
o
A H E M B
ra
Puc. 31

Guccextprcsl CF yraa € ¢ 210 okpyxHocTo {puc. 31). [Tyers, xpoMme
Toro, CH — suicora, a CM — MeauaHa, MPOBEICHHAS M3 BepImunEm (.
Buccexrpuca yrna C geaur myry AB nononaM, mostomy OF | AB

: H, cnepoBarensHo, OF || CH.

OTtciona
ZFCH = LOFC,

' HO, OMEBHIHO, ZOFC = LOCF.

Buccexktpnca CE gesur yron Mexay suicotoit CH u MeauaHoM
CM rmorionaM B TOM W TONBKO B TOM citydae, korna ZMCF = /FCH.

" Ho LFPCH = LOCF. Taknm o6pa3oM, YKa3aHHOE YCIOBAE 3KBHBa-
* neHTHO papeHcTBy LMCF = ZOCF, YTo 0IHa4aeT COBNANCHHE TO-

B

-vex M u O, T. €. IPAMOYTONBEHOCTE TpeyronbHuxa ABC.

210 O'rse'r. 90°, 22,5° u 67,5°.

Pewenua, B cuny npeaptaymeit sanawn yron € (eM. puc. 31) pasen 90°.

Hanee, 0o ycaoBumo
1 ' o
ZACH = ZAC =225, LZA=675.

l'lpmoyronbﬂuﬁ meyrohmnx ACH nopoben tpeyrombHuky ABC,

: QTKYJa

A ¢

/B =/ACH =225,
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Puc, 32

2.11. Yxazanua. PaccMOTPHTE OKPYXHOCTD, TOCTPOSHHYIO Ha orpc:nce
€ XOHUAMY B ZHVX JAHHBEX TOYKAX KAK HA AWAMETDE.

2.12. Pewenne. B moboM Tbeyronbrmxc ABC Bepuo PaBEHCTBO
¢c=bcosA+acosB,
HOKA3aTeNBCTBO KOTOPAro BHAHO Ha pywe. 32, é u puc. 32, 6. TosToMy
abcosC +bceos A +accos B =
—abeosC +c- (bcos A+acos B) = abcosC + ¢,
Taxum oGpaszom,
abeos C + becos A + accos B = ¢

B TOM H TONBKG B TOM Cly4ae, KOraa

abcos-C-i- &= cz,
OTKYIa
cosC =0,
T £C = 90°.

2.13. Orser. Ha.

Ykazaume. Mcmonniya pesynsrar 3agaud 2.4 a), HaHAWTe TPacKTOPHIO
CepelHLl NECTHMUBL, paccMarpuBacMolt Kax TOYKA, TPH CKOJLBXE-
HWAM BHHAAJ.



83. Orserw. Yxasauua. Pewenns , 59

c

L O SR Y T ST SRR T ke

Puc. 33

R

.14. Pewenue. [Iycts ZC B Tpeyronbunke ABC {puc. 33) mpamoii.
HTp O XBaapaTa i To4Ka C NeXAT HA OKPYXKHOCTH © AHAMCTPOM AR,
O OB, nostroMy yran ACO v BCO pamm KaK OIMparImueca
M2 pPaBHBIE XOPIbL

:b.

> 2,15, Yxasal-mo. Hcmoas3syitre GOpMyAy 4TS TUIOLIATH TPeYTOMbBHHKA

1
S = -absing.
5absing

S

' 2.16. OrmeT. —.
1 a+b

.

1
. Pewenve, [Inomaze § = Eab TIPAIMOYTOJIBHOTO TPeYTONLHUKS PABHA

i cymMe rurowazeil S H & IBYX TpeYTONBHUKOE, Ha KOTOpHIE paidHuBaeT
| MCXOOMBIA TPEYTOMBHMK GHecerTpHea {. YIUTst MeXXTy KaTeTaMu ¥ GHe-
' CeKTpHCOI PaBHE! 45°, NOITOMY:

] . 1 ol bl

, Sy =-alsings" = —, S=—,

, ‘T2 w2 T a2

!’ 1 “al 1)) abv2

1 —ab 5+ 8 , Te I= .
W AV A at+b
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C

A ¥l M B
Puc. 34

2.17. Ykaaanue. BocrmonnsyitTech pelenmeM 3anaum 2.2 a).

2.18. Omeer. Touka M HBISSTCH OCHOBAHHEM BRICOTH, ONYUIEHHOH
13 BepwrHbs C HAa TMILOTEHY3Y.

Y¥kazanua. IToxaxure, 4o geThbipexyronbHuk MECFE, tne F u F —
OCHOBaHUA TEPIEHAUKYIAPOB, ONYINEHHbIX K3 ToYky M Ha KAaTeThl, —
TIPAMOYTONEHHEK. '

2.19. Oreer. 90°, 60°, 30°.

Pewenuws. OBo3sauuM yron Mexay Memudasolt CM u smcoroil CH,
nposedeHHEMU 13 BepurH C tpeyronsHuka ABC uepes z (puc. 34).
Torma mo yc.TOBHIO

ZACH = ZMCB = 2.

Bricata CH B mpeyrombike ACM ariagercst M GHCCEXTPHCOH, 4 3HAYMT
Y MEAHAHOH, OTKYIA

MH = HA = %MB.

Buccexrpuca CM TpeyromeHuka BCH peiuT ocHoBavne BH na ua-
CIM, IIPONOPUMOHANIBHBIE MPILICTAMMM CTOPOHAM, OTKYIA

3uauuT, Kater CH, aexammit HANPOTUB YIIa B, paBeH NMOIOBMHE TH-
OOTCHY3b!, ¥TO B CHIIY 3anavd 2.1 ozeavaetr: £B = 30°. Owcrwona

ZBCH = 60°.
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- CrenopaTensHo,

g=30", a LC=32=90" u ZA=60".

: '2.20. Yxasanwe, Oveer.

a) Vkazanwe. Bocnonbayiiteck safadeii 2.4 a).
6) Ommer. 45°, 45°.

- 2.21. Pewenwve. Hycrbmcyro.rmx ABC npsmoymm,mn AC 90°,
. AB =c¢, AC =b, BC =a. Toraa

5 a+& & ¥ . .
sin’ ¢ =sin 90° = 1 = p = —+ — = sin’ 4+ sin’ B.
C C

OGpaTHo, yCTL B HEKOTOPOM TpeyronsHuke ABC
sin® € = sin> A + sin’ B.

W3 (bopuym‘m RAONIAAH TPEYIOILHUKA -

1
§=—a-bsinC
2
HAXOOHM' )
45
311'12 C = —255.
AHANOTHYHO ) 5
48 45
2
sinf A= —s, sin’B=—s.
o't azc2

ToTag T YCIOBUIO )
482 45% 48"

= -+ .
az b? . b2 c2 3282

TIpOU3BOAA COKDAIICHAE H YMHOXAS ofie SaCTH pABCHCTRA HA a’t’é,
TIOMYIUM
¢ =a’ + v,

T. 8. 'rpeyro;mmx ABC l'IpHMOYl'OJleLlﬁ
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B ——

2,22, Oweer. 90°, 45°, 45°,

Pewenne. [lycth a = BC, b= AC u ¢ = AB cTOpPOHB TPEYTOJIEHUKA
ABC, a hy W hy COOTBETCTBEHHO BRICOTH K CTOPOHAM & U b Taxue,
4T

ha,>/a, hb;b.

Iycts, Hampumep ¢ < 4. Torma s mnowany® S TPEYTONBHWKA
ABC umeem:

1 : 1 1
8= ZabsinC < =¥ sinC € =,
2 2 2
Hpnqeu PABSHCTBO OOCTUTaeTCaA B TOYHOCTH, XOraa

a=b u 20 =90
C npyroif cTOpOHDI, IO YCIOBHI
1 1
=~b-hy > =1,
S 2 b = 2
T.€. :
S=-p
Zb )
H B CIIY BLIECKA3aHHOTO, Tpeyroneunk ABC ~- paBHoGempeHuuIin
TIPAMOYTONBHAA.

2.23. Pewenve. a) Ilyerh rumoreHysa 4B npaMOYrONEHOTO TPEYTOMb-
Hnka ABC (pwc. 35) pas6umaercs Toukoil wacamws K mmmcammoi
OKPYXHOCTH Fia oTpeski AK W KB AnunO# 2 M ¥ COOTEETCTBEHHO.
KacatenbHbie K OKPYXKHOCTH, IIPOBCISHHBIE B3 OXHOM TOYKH, PaBHEL
TTosToMy '

AF =z, B¥F=y,
oTKvza | . _
AC=b=z+r, BC=a=y+r,

e r — pannyc BnucaHHOR OKpyXHOocTH. Torna
28=ab=(g+tr)z+r)=ay+rztyt+r)=

1
=xy+r§(a+b+c}=a:y+pr=:cy+5‘,
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Puc. 35

1
Iie ¢ = T+ y — THAOTeHy3a, P = —2-(a + b+ ¢) — nonynepumerp,
a § — nnomams TpeyronsHuka ABC. TakuM oGpa3zoM,

28=2xy+ 8

M 3HAYUT
' S=uzxy.

_6) Nycts § = 224, TRe S — rwromamb Tpeyronseka 4 BC (puc. 36),
AF = AD = z;, BF = BE = 2,. [Toxaxem, aro £ = 90°,

1 1
5= -iAC' BC -sinC = 5(:1:1 +y)(x1+y)-sinC,

rae CD = CE = y. Takum obpalom,
(1 +y)(22 + ) sin C = 2zx,,
WIM, pacKphiBag CKOGKH 1 Aena ofe YacTH paBeHcTBa Ha sin C':

2212

L+ Y@+ Tty =

sinC’’
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Ho
s
Ly =8, z1+mg+y=;,
The ¢ — paEdyC BNUCAHHOH OKPYXIIOCTH.
QOrcrona
S 28 y 2
S+ ~y= , umA 14+ <= \
* ry sinC' + T sin C
T. €.
2r
sinC' = .
r+y

Hanee, ZCDO + £CEQ = 180°, a 38a4uT 4eTHIPEXYTOEHUK
CDOF snucanernii. i mwiowan &) 3TOr0 YeTHIPEXYTONEHHKA UMEEM:

S = %yz sin C + %rz sin (180" — C) = %(rz +¢")sin C.
C OpyToit CTOPOHE,
8) = Sacpo + Saceo =2+ %fy =ry.
TaxuMm oOpaioM,

%(r2 + %) sin C = ry,

OTKYIA
2
sinC' = zryz‘
r+y
I 2ry 2r TIOITY4NM
ABHMEBAS = , T .
pHap rz_'_yz r+y
ry+y =1+,
T

riy—1r)=0.
Orcioma § =71, T.e. £ZC = 90",
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2.24. Yxasanwe. Hcnonbava npempoyniyio 3anady, Haliiure BhICOTY &,
ONYLUCHHYX 13 BepwIwHB C Npsmoro yria Ha THNoTchysy. Orciona
cnemyet, uTo BepmrHHa € HaXOMHTCA HA PACCTOSHWH i OT THTIOTEHY3H
AB u, KpoMe TOrg, Ha OKPYXHOCTU ¢ guaMerpom AB.

'2.25. Yxaaanwe. Iloxaxure, uro

5
m§+m§= 202,

IO ¢ — THIOOTEHY3A.

' 2.26. PelugHHe, YREIAHUS.

oy Smmm T s i Lt

a) Pemenme. Ipomnum xater BC = @ 3a sepunny C go toykn F
12K, Trobs CE = AC = b (puc. 37). Toraa tpeyronsnux AEC —
papHoGeapeHHLIt, orkyna ZAEB = 45°. Teniepb, 3uas AB = ¢,
BE = g+ b u LAEB = 45°, 51erko MOCTPOWTD TPEYTONEHHK
AEB. BoccraHoBMB NEPTICHIUKYIAP M3 CCPeMHHH H CTOPOHE!
AE 1o nepeceyenms ¢ orpeskoM BE, uaiinem Touky C.
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Puc. 38 . Pnc. 39

6) Ykasamwe. Tlycts gammt ranoreHysa AB = ¢ H pa3sHOCTL KaTeTOB
BC u AC, 1.e. a — b. Ha orpeaxe BC ornoxure orpesok BC = -
= AC. Tocrpoiite tpeyronsuux AEB.

B) Ykasauwe. Mcnomayiire mynkT a) u 3amauy 2.17

1) Pemeune. IycTs B NPAMOYTOTEHOM TpeyroylbHHKe ABC napecTHR
xateT AC = b v pa3pocte AB — BC == ¢ — a. Ha nposo/okennu
BC 3a pepuiHay € otnoxum Touky F Tak, urobm BE = AB
(puc. 38). Torna B NpAMOYTOALHOM TpeyronbuMke AFC xarerw
AC = b v CE = ¢ — a uasectHrl. IMoctpons Tpeyrompunk ABC
JETKO AOCTPOMTDb H TpeyronsHuK ABC. '

I} Yxazamwe. Tpomnue HewspecTHbI! Kater BC 3a pepumuy B, o1-
noxure Toyky E Tax, 9ro6er 0Tpe3ok BE paBHAICA TATIOTCHY3e
AB. TlocTpoliTe NpAMOYTONEHHY TpeyronbHHK ACE.

2.27. O'raer: Orpesox EF Ha npﬁuoﬁ, cocrapmaeit ¢ ayaom OA
yrof, pasumii yrny ABC, mpwiem OF — AB, OF pasuaercd MHHA-
MATBHOMY M3 KATETUB.

Yxasawme. /C + Z0 = 180°, nostoMy BOKPYr YeThPeXyrONbHHKA
AOBC MOXHO onHcats OKpyxRHOCTH {prc, 39). Orciona

ZABC = /AOC

H, 3Ha4HT, yroa AOC HeusMeleH.



-
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 2.28, Peweanue. Ykazauue.

a) Peweuna. JIOCTaTOYHO NOKA34TH, 9TO ¢+ b < h+c,TAc a M & —
XaTeThl, ¢ — TIWIIOTEHY33a, a # — BBHICOTE, OMYIICHHAA M3 BEPLIHHLI
npaMoro yra. Bossoma obe gacTH HepapeHCTBa B KBAAPAT, NOMYYWM:

a’ +2a8+ 8 < At +2he+ ¢,

T. €.
26b < h? + 2he,

HO .
2ab = 2hc = 48.

Taxum o6pa3oM, NONYUHIM BEPIIOE IEPABEHCTBO, & 3HAYHT GbLIO BEpHO
M UCXOOHOE H‘Epﬂ.’BBHC'I'BO.

h
6) Ykaszauwe. HepapeHcreo Z—% > 1 Burexaer u3 a). [a noxaza-

TEABCTBA BTOPOTC HEPABEHCTRA BRIPA3UTE, HAMpUMeD, ¢, & K h yepes &
u yron ¢, PaBeHcTBO pocTuraercs npu a = b.

2.29. Mepsoa pewenue. [l0cTaTOYHO NMOKAIATE, YTO a + & < 1,5
B camoM Jene, OYEBHIHO,

20b € a’ + bz,

- OTKyOa

o’ +2ab+ b = (a +8)° € 2(® + V) = 2c%,

X3

a+b<vV2.c<i,5e
Bropoe pewenwe. B ciy sanaun 2.28
1 3
a+b<m, te=scte= e

2 2
e M, — MeAuaHa, IPoBENAcHHAEsA K THITOTeHY3e.
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TpeThe pelsexne. a) l'chrL KaTeT i TIPOTHROTIONOXHETH yray A. Toraa
a=c-sind, b=c-cosd,
OTKYJA:
a + b= c(sin A + cos 4) = ¢v/2sin (A+%) <V2-e

NPUYCM DABCHCTBO JOCTUTACTCSA B TOYHOQCTH, KOFHA

T
At~ =—
£z +4 3
T.¢.
T
AA—Z.
1 1
6) §= ECh = Er(a + b+ c), oTKyaa
ro e
h a+b+c

B cuny nyskra a) ¢ < ¢+ b < 1,5¢, T. ¢,

1
2c<a+b+c<2,5c,l Win —

OTKyza

YTO H TpefOoBanoCh.

2.30. Ykazauve. CHayana mocTpoiite tpevroabHUK AOM, roe O —
TOUKA TIepeceuelina MeIuan, a M — cepefuHa TMITOTEHY3HL.

2.31, Oweer. B ciyuac, xorma ZABO = /BAQD = 45°.

Meprae pewenne. PaccMorpuTe MWICIgnbL npsMoyroasiuka AKBO,
re Touka K cnMmeTpuyHa TogKe (0 OTHOCUTENBHO cepeluHnl AR,
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Bropos peweHue. PaccMoTpirre SKBUBAAECHTHYIO 33034y U3 BCEX MIPg -
MOYTOJIbHBIX TpeyroabHukoB AOB o 3ananHHoit runioreHy3oit AB HalTH
TPEYTOILHHK Hanﬁonbmeﬁ TINOLIAOH,

2.32. Pewenune. [lycts Touka E — cepenuHa xatera BC mnuHu a,
a Touka O — cepeguna rurorenyan AB (puc. 40). O60aHaunM TaKke

AC =b, AF =z, BF=y,

Tae o
EF I AB.
KpoMe ToTo, OMeBHIHO,
OF = AF - A0 =g - "1V _T~¥
2 2
OF — cpeansia 1uHmMA, T. .
b
OF = —.
2
Hanee, TpeyromuRnK QOEF noaoSeH TpeyroasHUKY ABC, oTRyna:
| b
OE_OF = 2 _#-y
"AB~ AC z+y . 20’
T.€,

UTo M TpeBoBanocs.
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2.83. Yxasaume, Iloxaxwure, yro Touku E, F, C u B nexar HA ooHOR
OKPY)XHOCTH.,

2.34, Yxaszauws, M3 Bepiuvn yraap 75" Npopeaute npAaMyio 0OQ yIioM
15° X rEnoTeRY3e N0 [epeceYeHus ¢ KATeTOM. TIpHMeRHTe Teopemy TTu-
taropa x ofpasopammeMycs MAXOMYy TIPAMOYTONEHOMY TPEYTQJIBHHKY.

2.35. Pewenme. 1. TIycTs NEHTPaMA OXPYXKHOCTE!N, BIHCARHBIX COOT-
BETCTBEHHO B Tpeyrousimxy ABC, AHC u BHC (puc. 41), ABAAI0TCS
Toaxu O, Oy v O,. LZACH = ZB, orxyma

LACO, = LABO.

Taxum o6pasoM, TpeyronbHHKH ACO; U ABO nonoGHH 1o IBYM YIiaM.

AHATOIMYHO NONOGHH TpeyromsHMku BCO; w ABO. Paguych 7,
r2 M I OKPYXHOCTEH SBASIOTCA BHICOTAMH COOTBETCTBEHHO B TPEYTONb~
maxkax ACO|, BCO, w ABQ, noaroMy n3 moaotusa 3THX TpeyTOIbHH-~

KOB HMEEM
n_4c , n_BC
r AB r  AB'
T.e.
1 _ ACt 2 BC?
ABY
Orcioaa nonyyaeM
ri+ri AC'+BC'

2_ 1,2
1, wm " =ri+r.
r? . AP’ ’
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2. O6o3mauyum Broicory CH (puc. 41) yepes h, AH =z, BH =

=e¢—2,AC=b,BC=qa, AB=c.

[IpvMeHUM OTBET 3amaun 2.2 a) x IPAMOYTONBHEIM TPEYTOIbHHKAM

- ACH, BCH n ABC cOOTBETCTREHHO!

1 1 1 '
= 5(z+h-b), = 5(c-a:+h—a), r= 5(a+b-c),
oTKyaa
ri+rnt+r=~h
qT0 B TpeioBANOChH.

. 2.36. Oreer. 45°.

Yxaaanwe. Bripaaute yrmel CEF u CFFE yepes yoii A u B Tpeyroms-
Huxa ABC.

. 2.37. Oreer. 30°, 60°, 90°.

. Yxkazanue. Hcnombayd papeHCTRO KACATENLHLIX, ITPOBEASHHEIX K OXPYX-

. HOCTH M3 OHOH TOYKM, TIOKAXMATE, UTO TpeyrombHK ACM paBHOCTO-
' POHHMIL,

e

' 2.38. Pewenve, . Hcrions3ys pe3ynerar aapagu 2.2a), HMeeM

1 1 1 -
r:i(a+b—c) < -2-(a+c-f:)=5a.

(2. B cHTy pe3y/IbTara, ZOKa3aHHOTO B PelleHuH 3aauH 2.29 a),

a+b<eV?
- (paBeHcTBO mmu, B cIydae paBHOGEAPEHHOTO TPEYTOIBHIKE), OTKYAA:
1 ¢ \/— e
r=5(a+b-c) (cv'_ c)= (v2 )<Z

‘ IpyuieM paneucmo AOCTUTaeTes IMLUb KOI'ZIa OCTphie YI‘JIH TPLYIOJIbHIKA

paBHu 45°,
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S 3 4
2,39, Owmer. a) arcsin i arcsin 35 6) 45°, 45°, 90°.

Pewenme. a) IlycTs KateTel ¢ H b NPOTHBONOMOXHH COOTBETCTREHHQ
yrnam A u B. B cuny 3agaum 2.17:

2 14
a+,b=2(R+r) =2(R+ ER) = —S-R

C apyro#t cTopoH»B! _
& 10 = = 4R,

2
a’ + (E;R - a) = 4R?,

Petras 370 ypaBHEHHE, HAXOOHWM

OTKYA

Q=

Al

3
, T.e sind=-.
¢ Te sin 3

Wl

AHaNoruuHo sin B =

3 4
Taxmyv obpaszoM, LA = arcsin 3 ZB = arcsin -.

6) B cuay samaun 2.38 n.2) umeem

21
r < \/_2 e
OTKYna .
) [ [
R 2 2 1
-;=;> C=\/§ l=‘\/§+l.
. (V2- 3 -

Vv2-1 . o

Tak Kak » = T ¢ B TONHOCTA KOCAA TPCYIOABHHK paBHOGEOpeH-

Hbi, TO ¥ HAMMEHbILIEE BO3MOXKHOE JHAUEHHE OTHOMEHHT /7, paBHoe
V2 + 1, BOCTUTAeTCA JIMUIL B 3T0M Ciydae.
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C

A E H B
Pnc. 42

2.40. Pewenve. B mpeyroasunxe CBE (puc. 42) mposeneM GHCCeK-
tprcy BF, TIycte otpesxn BF w CH nepecexaiores B Touke K.
Torma B TpeyromeHukax FCK n KBH 1pa yria MONAPHO PABHEL
LFCK = /KBH, /FK(C = /BKH, otxyna

LCFK = ZBHK = 90°.

Hrak, 6uccektpuca BF ® tpeyronsHuxe CBE ABIAETCS M BBICOTOI,
a 3HAYHT 3TOT TPEYTOJIbHHK paBHOGENpeHHBIN, T.€. BE = BC.

2.41. Pewenne. [TycTs KaTeTh TPEYTOMEHAKE — a H b, TWTIOTEHY3a — C.

CymMa S mmomaieit «TyHOYCK» TIOMyYaeTes BBIYHTAHHEM IL10IIALA
GoNbINEro NOMYKPYTa W3 CYMMH ILIOIUANEH IBYX MEHBLWHX TOMYKPYTOB
H [iowany Tpeyronbimxa. Taxum ofpasom, '

¥ 1 e
S=%+18—+ ab—%z—(a C)+ ab=_ab

910 H Tpebonanocs.

2.42. Pewenwe, Ilycts 6 1 b — KareTsl, ¢ — IMnoOTeHYy3a RAHHOTO
NIPSMOYTOBHOIO TPeYToibHUKA, Que BHIHO, HK00e Le0e YHCIO B KBad-
paTe OeIMTCH Ha 3 MM NpeacTaBiMo B Biae 3n+1. [1osTtoMy, ecni e ¥ b
He nensreaA Ha 3,10 ¢ = &>+ = (3n+ 1)+ (3k+1) = 3(k+n)+2 —
TIPOTABOPEYNE € BHIDECCKA3aHHbIM, TaKUM 00pajoM, ab AenuTes Ha 3.
IMToxaxem Teneps, uro ab gemuren Ha 4. Ecmv @ M & — ueTHLIE,
TO YTBEPXKJIEHHE 04eBUAHO. Tak Kax n1060e HedeTHOE THCNO B KBaApaTe
HMeeT BBA 4n + 1, 70 @ U b He MOTYT ORITh HEYSTHBIMH QIHOBPEMEHHO
(Baromenysze & =a’+ ¥ = @k+ 1)+ M+ ) =4k +)+2 —
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npotuBopedue). [IycTs OOHO W3 YHMCEN, HampuMep b, HedeTHoe, T.e.

HMeeT By 4n = 1, a ApYroe — COOTBETCTBEHHO ¢ — YeTHoe, Torma ¢

TOXeE HEYeTHOE H, CTANO0 ORITh, ¢ = 4m =+ |, OTKyna ogHo u3 uucen ¢— &

K ¢+ b penurca Ha 4, a opyroe — Ha 2. Taxum obpa3om, al=c-8 =

= (¢~ b){c -+ b) memiTca Ha 8, T.e. @ Aenured MO KpaiHelt Mepe Ha 4,

4TO ¥ TpeDOBaIOCh. ‘
OkongarensHo, ab genurca na 12,

2.44. Pewenne. 1) ITycte By, b 1 A — BRICOTH TPEYTONGHHKOR,
OMNYLICHHBIE COOTBETCTBEHHO H& KATeTH @, D M TMNOTeHy3y ¢. Tpe-
YTOJBHEKA N0KCOHB, NOITOMY

hy a
T e

h

hy _ &
k¢

B cnny Teopemr TTndaropa a” 45 = ¢, T. €., ACTOTLIYA TIOMYHEHHBIE
pPaBEHCTBA '

Orciona, 11oce OUeRUAHBIX NpeobpajoBanuil ah; + bhy = ch, unu

! 1 1 ;
iahl -+ ibhg = EC’!, T.6, 8+ 8= S,

rae 8, S ¥ § — COOTBETCTRYIOLINE ILTOUIANH MONOBHNX TpeyroabHN-

KOB, YTO H TpefiaBaloch.

Yxaaanue. 2) Ilycte ¢, k1 1 €2, By — ranoreHyssl ¥ BBICOTH! K HUM

B COOTBETCTBYIOMIHX Tpeyromsuukax A, B(C| u 4, B;C;. Ilo yenoerio
| .

—oih
3 [_fi
1 _62’
~coh 2
702k
OTKYAA
¢ ko oh
—- = Te. hy=—,
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Ho TOTHO TaK Xe HaXOOUTCH BRICOTA Ry TIPAMOYTONLHOTO TPEyTOMEHMKA
ARC ¢ runorenysoii ¢, Nono6HOro Tpeyromuivky 4,B,C).

Nokaxarre pamee, 9T0 TMIOTEHY30H U BHICOTOH K HEMH, omymeHHOH
W3 BepIIMHB NPAMOIO YINA, NPSMOYIOJIbHAIA TPEYTONMBHHK OIIPEIE-
ercs ONHO3HAYHO.

2.45. Pewenne. Tak KAK . = ¢ - m, 10
a’m? +¥'n’ = a’'m’ + b (c— m)’ = a’m’ + ¥ - Wem + b'm? =
=m*(a® + b))+ ¥ — Wem =m?E + V' — 20 em =

=c2(m2+b2-2mbog).

b
Ho, ouesunHo, P cos A, OTKYAA B CHIY TEODEMBI KOCWHYCORB, (IDH-
MEHEHHOM X TpeyrobsHuky ACK,
m> + b — 2mbcos A = d°,

4TO M JOKAJBIBACT HYXHOC PABCHCTBO.

2.46. Pewenuwe. 1) ZAKC (puc.43) — sHemmmit X yory BEKC 1pe-
yronetivka BEKC', otxyna

ZAKC = 2B + /BCK.

Ho ZBCK = /HCK,a ZACH = /B w, suawnr, ZAKC = ZACH+
+/HCK = ZACK. 1. ¢.rpeyromsHEK ACK pasuoGenperauii 1 AC =
== AK. AHATIOTHINO AoKa3wBacTcs, yro BM = BC.
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Puc. 44

2) Onycrum nepnenmakyasp O'L (puc. 44) wa kater AC. Tlyets
N — 1ouka nepeceucrns O'L ¢ orpeskom AQ, rie O — neHTp Bnucan-
Ho#t B TpeyramsHyK ABC okpyxHOCTH. [IpAMOYrOsBEHEE TPEYTOIBHHKY
ALN g AOQ' nouobHp, B CHIy Yero

v _ L4
00 A0

PaccMaTpuBad NpsMOYroabHBIE TPEYTONEHHK ALO', zameTEM uTO

L—A; = cos 4.
AQ

Kpome toro, OC = ¥ — pamuyc BIMCEHHOK OKPYXHOCTH, OTKYI2
LN =r .cos A

Ho 13 nopo6us upsaMoyrosHex Tpeyransinkos ACH u ABC umeem

T _.AH .
T = ac o4

[AE 1] — paaMyc BnucaHHo# B Tpeyroabamk ACH oXpyXHOCTH, T. €.
;=9 -C08 A.

TakuM obGpasoM, LN = r; M, ClIemOBATCIEHO, TOuKa N, aexa-
mad Ha BuccexTpuce yra 4, comagaer ¢ meHTpoM O, BIUACaHHOM
B TpeyronbiHK ACH OKDYXHOCTH. A 3T0 W 3HauuT, 410 NpsMast 0’0y,
HnapaienHa npsaMol BC, AIIanoTAYHO JOKa3HEBAETCH napmmﬁom
npsMeix AB n 0'0,.
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3) Ha xaretax AC W A} OTMETHM COOTBETCTBEHHO TOYKH FE
u F 1ag, yrobut CE = CF = CH. Jina 10Ka3aTeNLeTBA YTBEPKIECHUS
AOCTATOMHO TMOK438Th, YTO LEHTPR! BIMCAHHKLIX B TpeyronbHUKu ACH
¥ BCH okpyxHocTelt nexar Ha EF. ITycrb Q) ~— To4xa nepecedeHus
 Guccexrpuc yia ACH ¢ orpesxom EF. Torma tpeyroanhuxu ECO,
¥ HCO, paBHH, OTKya2

ZOHC = LOEC =45".

Tax xak
ZAHC =90°,

TO 3HAYHT
LOWHC = ZAHO) = 45

T. &. HO| — Guccexrpuca yrna AHC . A 210 ¥ 3Ha4YHT, yT0 () — TOYKA
nepecedenus SHeceKTpUC Tpeyrosbiuka AHC, T. e. ueHTp BIMcaHHOH
B HEro OKPYKHOCTY. AHANOTHYHO JIOKA3bIBAETCSA, YTO LEHTP BTopoii
OKDY¥XHOCTH JeXUT HA BE.

4) Jlerko cneayer n3 nvHKTa 3),

5) B ity 3) Toukn E, H u F nexar Ha OKPYXHOCTH. C UEHTPOM
B TOuke C', OTKYaa

ZHEF = %AHCF = LHCO,.

Hrak, ymbf HEQ; n HCO,, ompawurnecs Ha otpesox HO;, pasHH,
a 3TO M 3HAYMT, yTO Bee ueTnipe ToukH H, 07, £ u € nexart Ha oOfHOH
OKPYXHOCTH,

6) LOHC = LO,HC =45, 1.¢. LO1HO, = 90°,

7) Iycrs A ¥ B — COOTBETCTBEHHO TOUKM KACaHUA OKPYIHO-
CcTelt panuycoB r; U r; THnoTeHysbl AB (puc. 45). Torma oyennIHO,

A1Bi=r +m.
OmycruM neprenaukyrap N Ha (0, B,. Toraa
ON=r+r, ON=r—-r

u 1o teopeMe Iudaropa

010 = \/(OLN)? + (0N Y = /2(r} + 7).




78 Mnaea 2. lpaMoyronsHblii TREYroneHMK

. r
A[' H Bl
'Puc. 45 '

B cuny 3amaum 2.35 ¥ = 4/7} + r3, orkyna

0,0, = rv2.

2.47. Yxasanue. Mcnonaylire 3anaqu 2.35 u 2.46

2.48. Pewenve. Cmpo}im BC = a, AC = b, AB = ¢ armaores
CXONCTBCHHBIMHK B YKB'JaHHBIX B YCIOBHH IPGYIOHbHHKaX, OTKYa

=2
-7

sl

a
lo
O0o3HaTM 3TH OTHOWIEHHS Yepel k, oTKyIa
a=~Fkl, b=kl c=Fk,
Temeps B cuny Teopemst ITucaropa o’ + 8 = ci, T. 8.

=1

2.49. Pewenue, OnyctuM w3 Touxku O (puc. 46) COOTBETCTBYIONINE
BEICOTHI

OA] = h], 0C1 = hz H OB1 = h;

HA CTOPOHHI npxmoyronbﬂom'meyronmuxa ABC'. TlonoxuMm Taxcke
AC =b, BC =a.
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B
4 c
?4]'1 h' hg
@) by
C B1 b A
Puc. 48

Torpa ¥W3 paccMOTPEHMsST MPAMOYIOABHBLIX TpeyronbHHkos OB A
# OA\ D 1o/y4uM COOTRETCTBEHHO

G-b)+1=04" n (a~hs)' +Hh =0B,
OTKYHAA
OA>+ OB = (a— ha)* = (b~ h)* +h} + 0} =
= a? + b* ~ 2ah; - 2bky + 2(h} + h3).
Ho B cuny ycnosua .

1 1 1 i
—_ = —hib= -S —_— b’
2h1‘1 5Pl = 358480 = c0

b=13h;, a=3hs.
Taxwm obpasom,

OA* + OB® = 9% + 9h} — 6R3 — 683 + 2(h3 + k) = 5(h + R3).
Ho h% + h% =0C? , OTKYIA OKOHUATEJIEHO

0A’ + OB® = 50C™.

5.50. Yxasauve. Yuurbisas, uto ZACO = ZBCO' = 45°, noetpoit-
Te cHayana npamue AC u BC.



(haBsa 3

BnucaHHbie, onucaHHble
W BHEBMUCAHHLIE OKPYXHOCTH

§ 1. 3anaum

3.1|  (Yeruo). JokaxuTe, uto m0Goe M3 HIDKeNPHBENEHHHX YeAoRHH
SKDHBAEIITHO PABHOCTOPONIIOCTH JAHHOIO TPEYTONLHKKA:

a) UEHTp AMUCAHHOH OXPYXHOCTH COBMANAET C IEHTNOM OIHCAHHON
OKPYXHOCTH;

6) TOYKM KACAHHS BIHCRHHON OKPYXHOCTH HEAAT COOTBETCTBYIONINE
CTOPOMBI OMONAM.

3.2*|

a) (Popmyna Ditnepa). Joxaxurte, 4TO JIa JMOOOTG TPEYFONBMHKA
paccrogHie d MEXIY UEHTPAMH ONHCAHHOM M BIIWCAHHON OKPYX-
HOCTEH HAXOAMTCA 110 GopMyJIe: '

d’ = R® - 2Ry,

e B — panuyc onucaHHoi OKpYXHOCTH, & — paaMyc BIIMCAaHHON
OKPYXHOCTH. '

6) Jlokaxure, YTG eCIIN PACCTOAHHE d MEXIy LUEHTPAMH ABYX HAHHBIX
OKpvXHOcTeH pamrnycon H M 7 Haxonutcd no copMyne Biinepa
(cM. myHKT a)), To HakacTes GECKOHEYHO MHOTC PAAIMUHBIX TpE-
YTOMBHUKOB, IJIA KOTOPBLIX OOHA M3 3THX OKDY>XHOCTEH SIBRMSETCS
onucanwoil, 2 apyras — BNKCAHHOM.



§51. 3anaw 81

3.3' KOKWB, g 1‘0
$ —-R,
r 2R

npH4YeM papeHCTBO HMECT MCCTO JIMIIL ILIA PABHOCTOPOHHEID TPEYTOJ1b-
HHKA.

3.4) (Teopema Mﬁncuoua). 'ﬂbxmm’re, YTO CEPCAMHBL TPEX OTPE3-
XOB, COEOIMHAIOIIMX NEHTP BOHUCAHHONW B TPEYIOALHUK OXPYKHOCTH ¢

USHTPaMH BHEBIMCAHHEIX OKPY:XHOCTEH, JIeXaT HAa OINICAHHON OKpyX-
HOCTH.

8.5| [Joxaxure, uto:

a) tpeyronsuuk (1,03, BepUIHHAMK KOTOPOIO SRSIOTCA LEHTPRI
BHEBMMCAHHBIX OKPYXHOCTEH JaHHOTO Tpeyronehnka ABC, oct-
POYTONBLHEIH;

6) Bepuups! 4, B w C Tpeyronviika ABC ABIAIOTCA 0CHOBAHUAMHU
BHICOT TpeyromeHuka (0,05 (O}, 02, O3 — HeHTPHI BHEBNIHCAH-
HKX OKpYXHACTE#).

3.8] Tocrpottre Tpeyromsauk ABC no tpem Touxkam Oy, O; u Oy,
SARISTIOUMMCS COOTBETCTREHHO,

a) HeHTpaM¥ BIHCAIHOM, ONMHCAHNOH H BHEBIMCAHHON OKPYXHO-
creii;

6) UeHTpaMH OUMCAHHOMN U ABYX BHEBHHCAHHEIX OKPYXHOCTeIt;

B} LEHTPAMH BHEBITHCAHHHIX OKDYXHOCTEH;

T} UEHTPAMH BIHCAHHOA H JIBYX BHEBNUCAHHBIX OKPYXKHOCTENR.

3.7 Iycte 41, B 1 €} — TOUKH KacaHHMR BIDICAHHON B Tpe-
yronsunk A BC oXpyXHOCTY, fieXKamie COOTBETCTBEHHO HATIPOTUE Bep-
mun 4, Bu C. '

Joxaxure, aro:
a} orpesku A4, BB, u CC) peasr yries Tpevrombuuka ABC Ha ocT-
pLie YIIBL;

6)* TpeyromeHuK ABC npapUIbHEIA, €cH OTPE3KH A4, BB, u CC)
paBHEI MeX1y cOBOI.
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w Joxkaxarre, 4T0 NpsAMad COCIMHAIOMAS LEHTPH BIMCAHHON B 1aH-
HEI TpeYronbHUK ABC OKpyXHOCTH K OIUCAHHON 0K0/10 HErO OXpYX-
HOCTH, TIPOXOAKT Hepes HEHTP BHEBIIUCAKHOMN OKPYXKHOCTH, Kacaloweki-
¢t cropoHH BC, B TOM M TONEKO B TOM eiyyae, Korna AB = AC.

_._] Oycre 4, By u €] — TOYK# KACAHHR BHCBHACAHHBIX OKPYX-~
HOCTER COOTBETCTREHHO cropm{ a = BC, b= AC, ¢ = AB tpeyron-
HHKa ABC'. Jloxaxure, 4To

g) ABy=p-¢;, 6) AB,+ AC, = a.

3.10| (Ycrno). BepHo s, STO (PN HEOTPAHWICHHOM YMEHBIIEHHH
BCEX CTOPOH TPEYTOAbHHMKA GVIET HEOrpaAHHUYEHHO YMEHBLIIATECA M Pa-
BUVC: :

a) OTACAHHOMN OKPYXHOCTH;

6) BIACAHHOM OKPYAKHOCTH?

3.11 | JIOXaXMTe, YTO HEHTP OMMCAHHONW OKOIO TPEYTOMBHHKA ORPYHK-
HOCTH, NEXUT BHE ITOIO TPEYTOJIBHUKA B TOM M TONBKO B TOM CJIy4Yae,
KOIIa TPEYTONBHUK TYMOYTONbHEM,

3.12] HokaxwTé, 4TO LEHTPH BHEBMACAHHBIX LIS JAHHOIG TPEYTOME-
HHK2 OKPYAHOCTEH JIeXKAT BHE ONHCAHHON OKPYXHOCTH.

3.13| Doxkaxure, 9T0 OTHOIMEHWE TPON3BOIBHON CTOPOHE! TPEYTONE-
HHK2 K CHHYyCY npmsonexaulero VINIA PABHO IHMAMETPY ONMUCAHHOM
OXPYXHOCTH.

3.14| (Yerwo). Ilyers A), By ¥ C; — TOYKH [EPECENEHHA IpO-
JDODXeHUH MeauaH TpeyronbHuka ABC ¢ OMHCaHHO! OKPYXHOCTHIO.
BepHO i, 4TO TpeyronsHMK A1 B C) nonoben Tpeyromsunky ABC?

8.15] Ilycts a, b ¥ ¢ — CTOPOHE! TPOM3BOTBHOTO TPEYTOTBHUKA, hg,
fty ¥ h; — COOTBETICTBYIOLIME MM BLICOTH, B -— pamuyc ONMUCAHHOK
OKPYXHOCTH, S — IUTowanh TPEYTOMsHUKA. Jloxaxyre, 9ro:

abc
a) R=— TR
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6) ab=2hR;
' ab+bc+co
ha+h = :
B) a'l" b+hc 2R 1
R
hn hb .c-_"

3.1 6| Henonbsys o6oanaveHus 3amauy 3,15, IOKaxuTe, YT0 WIS IIPO-
M3BOJILHOTO TPEYTONbHUKA ABC':

a) § = (p— a)rs, tae p — nONyUEPHMETD;

1 | 1 1 :
5) ~—4 — 4 — = —, THE Ty, ¥y U, — PANUYCH BHEBIUCAHHBIX
L ¥y Fe. T .
OKPYXHOCTeI;
B) S = /rroryr;
1 1 1 1
D T h TR TR
Ta b c a
2 1 1 1 1
;[) el — —_—=——
he 1 T r T4
Parpl
E-) S = alh e,
' P

X)* ro+rp+r,=4R+ .

3.17| Ilocrpoitre Tpeyroassux ABC no tpem Toukam P, @, R, nBis-
TOIMAMCS COOTBETCTBEHHO TOTKAMH TEPECeYeHIsS © ONHCAHHOH OKPYX-
HOCTRIO TTPOXOMXKEHHI;

a) MeIMaHbl, GUCCEKTPUCHL M BRICOTHI, IPOBSIEHHEIX W3 ONHOM Bep-
UIMHER Tpeyronsunka ABC;

6) Buccekrpuc TpeyronsHuka ABC
B) BRICOT Tpeyronwiuka ABC.

3.18] [locrpoiite Tpeyroasuux ABC, auag: (cM. 0S03HAYEHHA U3 3a-
maun 3,15):

a) R, r, LA;

6) a, R, hb;

B) LA, r, b;
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T) Mg, hy, B (M, — MEOHAHA K CTOPOHE G);
n) ZA, I, r (I; — 6uccexTpuca U3 BepIHHb A).

3.19 Haiire YN TPEYTONBHIKA, ECAH LIEHTPH! BIZICAHHOM U OMTH-
CAMHOH OKPYXHOCTEH CHMMCTPWYHEI OTHOCHTENTBHO OAHOH Ha ero cro-~
POH. '

§&| Hcenone3ys o6o3HayeHH U3 YCIOBMS 3apaun 3,16, moxaxmure,
yTo Tpeyronbhkn ABC u A'B'C’ paBHM, eCIM Y HHX COOTBETCTBEHHO
DABHBI

a) PamMyChHl BHEBIIMCAHHEIX OXPYKHOCTeH; T. €.

g = f;, ry = 1‘;,, Peo= f’;;

) r =, ra =y 1= 71

B) R=R',ro=rs rp=r4;

1) R=R',r=rr, =1,

3.21 [ J0oKaxare, YTo PAAHYCH BHERTTUCAHHLIX VTS JAHHOTO TPEYIOIIb-
HUKA OKPYXHOCTEH COBOANAKIT TOI4A H TONBKO TOrga, KOria TpEyroib-
HMK paBHOCTOPOHHUN, T. €,

=T =T, a=b=c

3.22 l IIycts r;, Ty, 7e — DPANMYCH BHEBIMUCAHHEIX OKPYXHOCTEH
JMAHHOI0 TPEYTONBHUKA, PACTIOIOXEHHEE B NMOpAIKe HeyORIBAHWA
(r, < £ rc), P — DAJMYC BITMCAHHON B Hero OKpvRROCTH, Jo-
KAKUTE, UTO
1 1
§Ta <r < é‘rc,

OpudeM, oBa PaBeHCTBA NOCTHTAIOTCA OXHOBPEMEHHO THIDG B Clvvae
PABHOCTOPOHHETO TPeVTONLHUKA.

3.23| |
a) JIOK&XWTe, WTO Aa MOBGOMo TPEYTOIBHYKA
Totrp+re2 b+ hy+he 29,

TIPMYEM PABEHCTBA JOCTHTAIOTCA JIMIL A1t PABHOCTOPOHHETO TpPe-
YIONbHMKA, :
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6) CyuwectByet i Takoe & > 0, YT0 A1s MmoBOro TpEyTonsHMKa

he+ M+ h. <a-r?

3.24] JOKaXWTE, YTO A8 MPOUSBONLHOTO TPEYTrOALHHKA!

) <l+1<l‘ )1<L+1
a Fe hb

3.25| HdoxaxwTe, 9TD paIHyC OMHCAHHOIO OKONC TPEYTONSHAKA KPYyTa,
NPOBEACHHBIA K ONHON V3 eTO BEPITHH, H BRCOTA, ONYVINCHHAA U3 TONR Xe
BEPIIMHE, 00Pa3y1oT paBHHE VITIH ¢ GOKOBLIMM CTOPOHAMM.

3.26) (Teopema Jlemyaua). [lycts M — npou3BOUIbHAR TOUKA OKPYX-
HOCTH, OTIMCAHHON OKono Tpeyromsunka ABC. Hogaxkure, 910 Mpo-
H3BEOCHHE PACCTOAHHS OT M 10 moBoi BeptmIHE TpeyraTbHuKa (ot-
© MyHO# o1 M) Ha paccrositine or M 00 CTOPOHK,; GPOTKBOIIONOXKHON
3TOH BepuIKHE, €CTh BeJIMYMHA TOCTOAHHAS.

ﬁ] (Téopema Kapro). M3 nerrpa O omucanHoi OKOTO TPEYTONb-
BHKa ABC OKpyxHOCTH ONVILECHS! NepieHTHKYASpE O4, OB; u OC,
COOTBETCTREHHO Ha cTopoHnl BC, AC u AB. [lokaxure, 9T0:
a) ecnm tpeyronsEuk ABC OCTpOYTONbHE, TO
OA; =Rcos A, OB; = Rcos B,
001 =ReosC n OAl +OBl + OC’I =R-+r
(R u r — pajnycrl OIMCAHHON 3 BNICAHHOR OKPYXHOCTEH);
6) ecam yroa C Tynos, 10
OAi = Rcos 4, OB, = Rcos B,
OCy=~RcosCu OA)+0B —OC,=R+r.

3.28] Bmucannaa 8 tpeyroasEuk 4 BC OXpYKHOCTS KACAETCE CTOPOH
AB, AC u BC coorsercrBeHHO B T09kax E, F u G. Jlokaxure, 410

AE = AF = p — g = R(sin B + sin C - sin 4),
BE =BG =p—b= R(sin A +sinC —sin B),
CF=CG=p—-—c¢=R(sinAd+sinB -sin{).
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8.20*| IokaxTe, uTo And ;MoGOTo TPEYTONLHHKA PACCTOAHHE d, MeX-
Ay LEHTPAMH ONUCAHHOH OKPYXHOCTH M BHEBNHCAHHON OKPYXHOCTH,
Kacajomiercsl CTOPOHRE! @, HAXOAKTCA MO dopmyne

d2 = R? +2Rr,,

e B — panyyc ONUCAHHOM, Ty — PAIMYC BHERMHCAHHOR OKPYXHOCTIL

3.30] Tlocrportte TpeyronsH¥K ABC mo TpeM TOYKAM, CUMMETpWY-
HEIM HEETPY OTIMCAHHON OKONO 3TONO TPEYTONLHHKA OKPYXHOCTH OT-
HOCHTE/ILHO €T0 CTOPOH.

Qﬂ Iycrs P, Q, R — TOUKM MepeceucHus GHCCEXTPHC TPEYTONh-
mrka ABC ¢O BIWMCAHHON! OKPYXHOCTBIO, ONYoKaftiosie K COOTBETCTBY-
FOIL[IM BEPUTWHAM ATOTO TpeyronbHuKa. [locTpouTs TpeyronsBuk ABC,
3naa Touxu P, ¢, R.

3.32] (Verno). Kaxpas u3 ¢ropoH TpeyronmsHuka ABC Goxbime Jno-
6oit CTOpoHH Tpeyronbknka A;B\C). Nycrs B, R, n r, 1| — co0T-
BETCTRSHHO DANMYCH! ONTHCAHHEX M BIDICAHHHX B ITH TPEYTONBHHKY
OKpy:XHOCTeif, Beerna au Bepho, yTO:

a) R>Ry; 6) r>r?

3.33] Wicnonssys cranzaprasie oGosHavenus (cM, sanavy 3.15), noka-
XHUTE CICAYIOLMES COOTHOINEHUS U PAIMYCa BITHCAKHON B TPEYTONb-
K ABC' OKpYXHOCTH:

asingsing bsinﬁsing- csin-ésing
)r= 2 2= 2 2= 2 2
B c

COSE cos;l COS'E

h, sin -4- ‘ hy sin B h. sin E
2 r= 2 _ 2 _ 2 :
A C A B
2oos5cosz 2cos—2-cos-2- 2cos§-cos-2-

Hr—(-aEi=0-Hus=p-des;
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A B (C
4) TEpR TS E S

A B C
2— — — —
5) r —Stgztgztg >

3.34’ JoKaXuTe, YTO MIPAMAA, COCAHHSIOIAs OCHOBARNSA ABYX BEICOT
TpeyrompHuka ABC, omymeHHyX 13 Bepuid A 1 B, nepreHaukynsap-
Ha npaMol, coemmistioieh Bepumnty C ¢ LEHTPOM OIMCAHHON OKPYX-
HOCTH.

3.35| B tpevromsunke ABC ZA > ZB > /C.
1) (Yerro). Kakast u3 cTopos Tpeyrosbuuka ABC naxonuics 6anxe
K UEHTPY ONHCAHHOH OKPYXHOCTH?

2) Kaxkas u3 BCPIIKH TPEYTONBHIKA A BC' HaxomuTes Gnike K TEHTPY
BITHCAHHOK OKPVXHOCTH?

3.36| oxaxwre, 9o ecam O — UEHTp BMUCAHHON B TPEYTOJIBRAK

ABC oKpykHOCTH, © — e PagHyc, 2 £ — pagnyc ONMHCaHHON OKpyX-
HOCTH, 10

B C
1} r=4Rsin %sin ?sin X 2) OA-OB-OC =4Rr.

I 3.37| Halinure MHOXECTBO TOYEK HA TUIOCKOCTH, ABIAIOUINXCA M-
| TpaMH ‘
a) BOMCAHHBIX,

G) BHEBNMCAHMHHX OKPYXHOCTEH, Kacawomuxcs cropoHs AB, s
BCEBO3MOXHBIX TpeyrofibHukos ABC ¢ 3agaHdbM OCHOBSHHEM
AB v yrnom C.

3.38| Doctpotite Tpeyromsuuk ABC o cropore AB, yrny C ¥ pa-
auycy | -

a) BIACAHHON OKPYXHOCTH;

6) BHEBNHCAHHOM OKPYXHOCTH, Kacaomeica AB.
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@ JIOKaKATe, YTO CyMMa KBAAPATOB PaccTOsHH oT ueHtpa O
OTIMCAHHON! OKONO AAHHOTG TPEYFONLHMKA OKPYXHOCTH 10 LEHTPOB
BIIMCAHHOR Y BHEBIIMCAHHMX OKPYXHOCTEN paBHa 12R? (R — pamnve
OTIHCAHHON OKPYXKHOCTH).

3.40| TIIpH Kakmx YCIOBMSX Ha uucaa @, b M R cymecrayer Tpeyrons-
HHK CO CTOPOHAMM a, b U panuycoM OMUCAHIION OKpyxXHOoCTH R?

3.41| BsipaauTs yepes cTopoHwm @, b 1 ¢ TpeyronbEnka ABC cTOpOHH
TPeYTONBHUKA, C BEPIIMHAMM B TOYKAX Kacanyd BIMCAHHON OXpPyXI10-
CIH. '

3.42| Tlycts H — opToueHTp (ToYKa MepecedeHNns BLICOT) TPEYroMb-
Huka ABC. [JoRaxuTe, 4TO OTPE3VK, COSANHAIOLMNIA CEPelMHY CTOpO-
i1 A8 ¢ cepemmnoil orpeska CH, papell paayycy OnucasHoro oKoJIo
TpeyronbHHka ABC xpyra.

3.43| [Tyers my, 11ty ¥ 1M, — COOTBETCTBYIOILHE MEIMAHEI TPEYTONb-
nuka ABC, R — panuyc onucaHHOR OXpy:KHOCTH. Jokakure, 4To
27R?

4 L3
TIPHYCM paBEHCTBD BOIMOXKHO JTHIIE B cnyqae PaBHOCTOPOHHENO TpE-
YTOJILHHUKA.

ml + m; +mi <

3.44] Tlycrs @, b 1 ¢ — CTOPUHb! TPEYIONPHUKE, T W R — COOTBET-
CTBENHO PANMYCEH! BITHCAHHOI M ONMMCcaHHO# OKpyxHocTelH. okaxure,
TO

6V3r <a+b+e<3VIR,

mpH4eM paBeHCTBa JOCTHIAITCA .M B CIv4ae paBsHOCTOPOHHETO TpE-
YIOIbHH KA. .

8.45] Ha Beex TpeyromsHukos ABC ¢ samaHuuMn ocHosaumem BC
- myraoM A HalllWre TPeYTONBHMK C HAHOOIbUIHM PAIHYCOM BIIMCAHHOH
OKDYXHOCTH.
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3.46| Jioxaxarre, wro paamychr
a) BIVCAHHLIX; '
6) ONMUCAHHBIX;
B) COOTBEICTBYIOLUMX BHEBIUCAHHBIX OKDYXHOCTEH

i TOZOGHBIX TPCYIOIbHHKOB MPONOPLUHOHAIBHE! CXOACTBEHHEIM CTO-
POHAM 3THX TPEYTOJIBHHKOB.

3,47| Ha ocroBanuu AB TpeyronsHixa ABC HalIuTe TaKylo T04-
Ky M, 4T06Bbl OKPYXHOCTH, BTHCAHHbIE B TpeyrombHuKH ACM u BCM,
Kacamrch oTpe3ka C'M B onHolt ¥ Toft Xe TOUKe.

3.4B| Beerna o 13 paiinycoR 7'y, £y Y 1 BHEBIACAHHEIX AL A2aHHOTO
TPEYTOJIBHUKA OKPYXKHOCTEH MOXHO COCTABHTH TPEVIOILHHK?

3.49[ H3 ToukH A BHE OKPYXKEOCTH ITpOBECHM ABE KacaTenbubie AB
M AC x Heil. JIoKaxuTe, 4TO HZ 3TOH OKPYAXHOCTH PAacNoNOXeH LEHTP
OKPYXHOCTH, BIMHCAHHON B TPEYTONbHHK ABC.

3.50[ JoxaxHTe, 4y70;

1} ToukM, CHMMeTpUYHHIE OPTOLEHIPY (TOYKA MEPEeceYeHHs BHICOT)
TPEYTONbHHKA OTHOCHTENBHO IO CTOPOH, JIEXKAT Ha ONMMCAHHOM
OKPYXHOCTH;

2) OKpYXRHOCTb, IPOXOAAINAS YEPE3 OPTOLEHTP TPEYTONBHUKA H JIO-
Gele TBE ero BEPUIMHSI (B CTy4Yae NMPAMOYTOIbHOTO TPEYIOIbHHKA —
IBE IpYrHe BEPIUAHL) PaBHA OMMCAHHON OKOMO 3TOTO TPEYTOMb-
HHMKA OXPYXHOCTH.

§2. 3anaum gna CaMOCTORTEALHOrrO PELUEHUS

1. chomyz 0603HaueHHR H3 YCI10BUst 3agad 3.15 u 3.16, nokaxuTte
CNPABCIJIMBOCTD CACAYIOUINX PaBEHCTB JUIA NPOM3BOILHOIO Tpe-
yronsHuKa ABC:

a) 4Rrp = abe;

6) sz = Pafele;
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2
B) Fofy+1fe+Talc =D,

r) a’ = (ra = r)(re + 1e);

Z[) S = 1} %Rhahbhc;

e @l + P+ E+ i+l rl + 0l = 16RY;

%) (1+£+£).a_+‘“r_c_4

fo Ty Fo) TotTptre

2. Ilycts O, Oy ¥ O COOTBETCTBEHHO LIEHTPHI ONMMCAHHON M ABYX

BHEBITHCAHHBIX OKDYXHOCTEH IS JAHHOTO TPEYTONRHHKA, J[oKa-
xute, 910 ecnit OO0 = 00;, TO ITOT TPEYTOINEHHK paBHOGEIpEH-
1113818

[Iyets dg, dp W d, — PACCTOAHUA MEXAY LEHTPOM ONMUCAHHOH
OKONO TPEYTOJILHYKA OKPYXHOCTH pamiyca R H LieHTpaMH BHeB-
TIHCAHKHKIX OKPYXHOCTEN, KACAIOIMUXCS COOTBETCTBEHHO CTOPOH &,

b 1 ¢, d — paccrogHue MEXDY LCHTPAMHK BIMCAHHOM M onucall-
HOIf OKpyXHOCTEH. JlokaxkuTe, YTo

1 1 1 1
= + + .
RR-& d&-R d&-R d&-F

4. Jlokaxure, YyTO UIA IIPOHIBOIBHOrO Tpeyromsuuka ABC Bep-

HEl CEYIOINE COOTHOMIEHUs (0bo3HaueHus ¢M, B 3agayax 3.15
1 3.16):

c::c::ns-—licnsE bsinﬁcos g- c:sinﬁcosE
2) rg= 2 2 _ 2 2 _ 2 2
cosé sinE sin—c- ,
2 2 2
) h.;SII'I E
6) ro = — 5
2sin — sin —

2 2
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5)

7

n
50

a)
6)

B)

8.

1)
2)

10,

A c B
ra:ptgj=(p-b)ctg5=(p~c)ctsa-;

A B C
r§=3tg5ctg5ctg5;

o= 4Rsin—';1 cos % cos g

Haitnsre MHOXECTBO TOUSK HA IUIOCKOCTH, SIBJLAIOIMXCH LEHTPAMM
BILUCAHHBIX;

OTTUCAHHBIX;

BHeBITHCAHHBIX

OKDYXHOCTEH, KACAIOLIMXCH CTopoHn AB fnd BCeBOIMOXHEIX Tpe-
yronbiukos ABC ¢ 3anaHHHMH OCHOBaHHeM AB u yriom 4.,

ITocTpoiite paauyC BIIMCAHHOWN B TPEYTOJIBHMK OKPYAHOCTH, IHAS
MIOIANEL 3TOTO TPEYTOIEHUKA H €r0 NEePHMETP. |

OnpenienyTe YIIEL TPCYTONBHHKA ¢ BEPLIMHAMMA B TOYKAX KACAHNA
BIMCAHHONH B Tpeyronbiiik ABC OKpYXHOCTH, 3Has ymsl 4, B
u C. '

Tye™e m,, My U M, — METHAHE TPEYNONLHUKA, BITHCAHHOTO
8 OKpYxHOCTb pamnyca R. JJoxaxHTe, ITO:

on

2

me + mp + m, > 4R, ¢Cny TpeyronbHUK He ARISIETCS TYMOYTONb-
HbBIM.

mu."' my + mc Q

TTpu XaKuX VCIORWSX HA YHCHA &, T H (9 MOXHO TIOCTPOUTE Tpe-
VTONBHWK, OOHA M3 CTOPOH KOTOPODO paBHA G, OOUH H3 YINOB
paBeH (0, a panMyC BITUCAHHOM OKPYKHOCTH paBeH 7?

flycte R M T COOTBETCTBEHHO PaaMycH OTIHCAHHON M BIMCAHKOW
B IAHHEI TPEYTONBHNK OKPYXKHOCTEH, & — ero HanGonbILAas ByICo-
Ta. JlOXaXure, YTO €CIIH TPEYTOMBHHK HE anngerca TYTIOYTOJIBHEIM,
ToR+r<h
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11. TIponomxenvie MeUaHsl, MPOBEICHHON W3 BEPIIWHK 4 TPEYToih-
muka ABC, nepeceKkaeT ONIMCIHEYIO OKPYXHOCTb B TOUKe M, TIpH-
yem CA = CM = 1. Haiiaure CB.

12*, IIycts O — UeHTp BrIHCAHHON B TpeyronbHUK ABC OKpyXHOCTH,
a =BC, b= AC, ¢ = AB. JJoxaxure, uTo

a-OA+b-0B+¢-0C =0.

13. HUcrnonssys oGo3uayerHa M3 yernoBMit 3amayg 3.15 1 3.16, poxaxu-
TE YTO:
B C a’
= —tg—; 2) rrs < —.
l)i" rat8282 )774\4
14. Haiymre, panMyc BnMcaHHON B OCTPOYTONIEHBIH TPEYTONRHUK OKPVK-
HOCTH, eCJM Paguyc onMcaHHoN paseH 14,5 ¢M, a IBe CTOPOHBL
TPEYTONBHYKA COOTBETCTBEHHO pabiti 20 oM u 23,2 oM.

15. Hcnomnbaya o003HaYeHHA 13 YCIOBHE 3agay 3.15 u 3,16, pokaxure,
uro § = 2R?sin Asin Bsin C.

§ 3. OTeerni, yKa3’aHua, pelieHna

3.2*. Pewenne. a) Ilyets O — weHTP BIUCAHHOR B TPEYTONBHHK
ABC oxpyxHOCTH, O — LEHTp OnMcaHHON OKpyXHocTH (puc. 47),
Mpogmmv Guccektpucy C'Cy 00 epecedeRHA ¢ OMHCAHHON OKPYXHO-
CTBK) B TOUKe K.

- [TpoBemeM Taxoke xuaMeTp B F 1 xopay BE, Eciu Teneps OIyCTUTE
nepneHmuxynap O H Ha ctopoHy AC TpeyronbHHMKA, TO TPEYTONBHUKH
OHC u BEF 6yryr nono6Hs! no mym yriam (£ O, HC = ZFBE =90°,
ZACE = £BCE = ZBFE), otxyaa

BE _ o/t
FE 0C
Ho -
O\H =r, FE=2R,



8§3. Orserw, yxaganus, pewenns 93

Puc. 47

T.e.
FE-OH =2Rr=BF-0,C.

Tpeyromeuuxk BEQ, paBHoGeapeHHIl, TaK KaK ZBO1 E, xaK BHeIIHHK
K Tpeyroneanky BOVC, n ZO\BE, xax cymma LO\BA u LABE =
= L ACE, parHAHW

%ZACB + %ACBA.

TakumM oGpasoM,
BE=O,F
M, IHAYHT,
2Rr = BE-0,C = 0,E- 0,C.
Mposens yepe3 Toukd O u O nuamerp XL, ¥, HCTIONE3YS CBOMCTRO
MEPECEKAIOIUMXCA XOPA OKPYKHOCTH, MOTYUHM:
Rr=0,E-0,C=0,K-O,L=(R+d)(R~d)=R’-d°,

OTKYIa
d* = R* — 2Rr.

Yrazanme. 6) IMyets Z4 — MaxcuManuHeIi B TpeyronsHuke ABC,
a R n r — paauychl ONTMCAHHOW M BNUCAHHOW OKPYXHOCTEH COOTRET-
CTBCHHO. B cuny TeopeMH cuHycos @ = sin A - 2R, [Toxaxure Teneps,
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qTO 3THMH JAHHBIMM ONHO3HATHO ONPERENSETCA NMOJIOKCHWS LCHTDA
BIACAHHOM OKpyXHOCTU (NpH (mxcHUpoBaHHO# cropoHe BC = a),
a OTCIONA ¥ BCEro TPEYTONbHMKA,

3.3. Pewenwe. B cuy sanaum 3.2 d° = R% — 2Rr. 1.¢.
R’ -2Rr=R(R-12r) > 0.
Orcicna R 2 2r, 1e. _
- 1
r< ER.

1
ONyeBUIHO, 9TO T = ER B TOM M TOJIBKO B TOM Cllyyae, korga d = 0,

T.e. uempu_nnucauaoﬁ M ONUCAHHOM OKPYXHOCTESH COBITAZaloT, a 310
B cuy 3amayM 3.1a) paBHOCHNBHO PABHOCTOPOHHOCTH JAHMOIO Tpe-
YrOJTEHWKA,

3.4. Pewenwe. [OCTATONHO NOKA3aTh YTBEPXAEHHE 330da4M A/ OLHON
n3 Tpex cepemnH. Ilyere Oy m O — LEHTPH BIIMCAHHON W BHEBITH-
- caHHO!t OKpyXHocTelt Tpeyromsuuka ABC (puc. 48), a Touwka M —
cepeAnHa otpeska 0,0;. PaccMoTpuM cHauwama cnyuait AC # BC.
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Tak kak AQ) 1 AQ; — GUCCEeKTpHCHT JABYX CMEXHBIX YITIOB NPH BEp-
wvte A, 10

20, A0, = 90°

' 1
H, ctano 6mtp, AM = -2-01_02. AHanorugHo

1
BM = 50102.

Htak, AM = BM M, 3Hauut, TOukKa M NEeXHUT HAa CPEeIUHHOM
TIEPTEHIMKYAAPE 1 K CTOPOHE AB, OTTHYHOM 110 YCIOBHIO OT GHCCEX-
tpucsl CM yrna C. Taxum o6pasom, Touxa M aBnseTcs eqHHCTBEHHOM
TOYXOI Mepeceyenusa npaMEx m U CM. Ho o06e 3TH TpaMble, aeiul
uyry AB omucaHHO# oKOAO tpeyraibHuka ABC OKpYXKHOCTH 1I0TIO-
JIaM, TIPOXOMUAT Y Yepe3 ee cépenuuay M), OTKyaa 3TH TOYKM COBNANAIOT,
' T.e. TOUKa M ITpUHAIREXUT OMMECAHHOW OKPY:KHOCTH,

Teneps mycts AC = BC (puc. 49). BrincaHHas M BHEBNUCAH-
11af OKPYXKHOCTY B 3TOM CNIyyae KAacalorcs CTOpoHH AB Tpeyronsb-
HHKA B8 HEXOTOPOif Toyke D, oTKyma B ¢y CBOMCTA KAacATEIIBHEIX
BE =BD = BF, rne F u F — ToukH KacaHuna 00cuX OKPYXHOCTEH

Puc. 49 -
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npamort BC, Takum obpasoM, orpesox MB — cpeanas mHWS npA-
MOYTONLHON Tpanenww O EF(O,, T.¢.

ZCBM = 90°.

AnanornuHo ZCAM = 90°, orkyaa £C + ZAMB = 180° u 3uHa-
yirr 1ouxd 4, C', B # M nexar Ha ooHOI OKPYXHOCTH,

3.5. Pewenue. Llertpsl @) n O; BHEBMHCAHHBIX 0KpyXHOCTEH (piic. S0)
TeXaT HA GHCCEKTPHCE JIBYX BEPTHUKALHBIX YTAOB, CMEXHBIX C VITIOM B
tpeyroneHuka ABC, TlosToMy Touka B nexur Ha cropore 0,0, Tpe-
yronsruka 4 Oh (3. AHanorwyHo Touka A nexuT Ha cropone (), 0s,
a Touka C — Ha cropoHe (3. Tak xak orpesok By asnaercs 6uc-
CeKTpHcoit ymia B, 10 yron O»B0;, 06pasoBaHHE BHCCEKTPHCAMH
CMEXHEIX YTIoB, paser 90° (uTo AokaawiRaeT MyHxT 6)). OTeona yrmsl
0, u O; B 1peyronsiuke 00,03 — ocTpble. AHATOIUYHO NOKA3EIBA-
ercs, 9To yron O3 Toxe OCTPEIA.

0, ' B _‘ O,
C
A
O,
Puc. 50

3.6. Pewenus. a) Cepemina M otpeaka Q) (4 B cuuty 3a1ayu 3.4 npu-
HAJICXNAT ONWCAHHOM OKpyxHOCTH (puc. 51). Takum obpazoM, OKpyX-
HOCTE paauyca O,M ¢ uentpoM B Touke ) — ONMCAHHAA OKOMNO Tpe-
yroimoaaka ABC. Bropoit Toukoi nepeceyerys ripamoit 0,0 ¢ sroit
ORDYXHOCTHI0 GynieT BepmkHa C MCKOMOTO Tpeyronbiwka. Jlanee, yr-
as1 01 4G5 » Oy B0O;, 06pasoBanKble OUCCEXTPHCAMY CMEXHBIX YTIOB,
mpavuie. Orcioma, Beplidibl A M B TpeyronsHuka ABC noayuaiores
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Puc. 81

NEpeCeYeHREM CIIMCAHHOMN OKPYXHOCTH ¢ OKPYXHOCTHIO, TIOCTPOSHHOMN
Ha otpeske 0,05, Kak Ha IAaMeTpe.

6) Bepunnn A, B u C tpeyronbnuka ABC SBISIOTCH OCHOBA-
HUAMH BHICOT It TpEVIoibHuKA (030, , BEpIIMHAME KOTOPOTLG SBJIs-
10TCA USHTPH BHEBITHCAHHBIX OKPYXHOCTe. TakuM 00pasoM, OXpyX-
HOCTB ¢ ligHTpoM (3|, onycaHHAas OKDJIG TpeyronbRuKka ABC, asnsieTcst
OKPYXHOCTEIO 9-TH Toyex (cM. 3anauy 4.53) ans TpeyronbHuka 0,0:04

* W, €TANO 6bITh, TPAXOIHT YePea cepenuint croponr (03, O304 w O304,
Or1cioza phiTekaeT MeToa mocrpocHmus. Ilycrs O3 u O3 — zamaHunie
NEHTPE RHERMYCAHHLIX OKPYXKHOCTEH, KACAIOMMXCHA COOTBETCTBEHHO
cropod BC u AB Ttpeyronsanka ABC (puce. 52), O — neHTp omican-
Holt okpyxHocTH, Haiins touky M, cepennny orpeska (5,05, nposeneM
OKPYXKHOCTE ¢ LIEHTPOM B Touke O pammyca O M. Bropas Touka nepe-
CeyeHUs STOH OKPVXHOCTH ¢ oTpeszkom ;03 onpenender sepuwry B
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tpeyronsHrka ABC. Tak XaK B cWiy BbecKazaHHoro yrmel 0,C0;
¥ 0, AQ; — npaMsle, TO AnA HAXOXAEHUs BepliuH A u C TpeyronbEu-
xa ABC ocTanoch HAtTH TOYKY NlepecedeH s OXPYXKHOCTH, ONTHCAHHOM
0Koao TpeyronsHUKa ABC, M oKpyXHOCTH, NOCTPOSHHON Ha OTpesKe
;05 KaK Ha nuaMerpe.

B) Ykazamme. IIposexure BHICOTHI TpevronsHHKa (10,03 H BOC-
AONE3YITECH peHIeHUEM 3aiauu 3.5.

r) Viasamue. OmycTvB BRICOTY 43 LEHTpA (J) BIIMCAHHOM OKPYX-
HOCTH Ha OTpe3oK (403, nainem oiny u3 BepwnH (Hanpumep C)
TpeyromwEnka ABC. Manee, Hcmonb3yst 3agavy 3.4, MOCTpOWTE OIMH-
CAHHYI0 OKPYXHOCTS,

3.7. Pewenune. a) JocTaTOuHO NoKA3aTh, uto ZBAA, octpsiit (puc. 53).
Tak xax
B = BA,,

TO
AB > A B,

Hanporus Gonblreit CTOpOHBI NeXHT 1 Doabwuit yron, oTKyaa
| £LBA A > LBAA,.

Tak KK B TPEYTONLHHKE HE MOXET OhITh GONBINE OHOTO TYIIOBOTO YINA,
To yron BAA, oc1peiii. '

A

&

B A C
Puc. 53

6) PaceMoTpum Tpeyronsuuku ABB; u ACC, {puc. 54). Io ycro-
suio BB; = C'C|, xpoMme TOrp, AB, = AC[
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B

¢
Ay

Puc. 54

IToxaxem, TT0
LACC, = /ABB,.

O6a 3T Y12 MOMYYATOTCA OJIMHAKOBO: U3 TOUKH M Ha CTOpOHE yTia A,
nexaweit Ha paccrosev AB) = AC, or 4 (r.e. u3 rouxn B, wm Ci),
KaK 73 LIEHTpa NPOBOIMTCA OKPYXKHOCTh paauyca BB, = CC,. Bo3-
MOXHL¥ TONBKO ABE Touxy M| m M, mepeceyeHun Iroi OKPYXHOCTH
¢ mpyrofi croponokt yriaa A (puc. 55), Ho Tonsko oavH w3 yrros AM|M
n AM:M — yron AM:M — Gyzer octpriM (cnydait, Korga Touka Mj
HAXOAWTCH HA NMPOJOMKEHUH OIHOM W3 CTOPOH yrna A, oueBUAEH).

M,

A M
Puc. 55

Ho B cuny nyHKTa a) yrawl ABB| w ACC; — octpsie. Takum ofpa-
30M, 3TH YIJIB PaBHKT 10 MOCTPOSHUIO K 3HAYMT PABHEI H TPEYTONBHIKH
ABB, u ACC,. Orciona AB = AC. Ananoruuto AB = BC. .

3.8. Pewenne. Bcc Tpu LeHTPA 16XAT Ha OQHOMN IIPAMOI B TOM U TOMb-
KO B TOM chydae, Korna LeHrp O OIMCaHHOW OKPYXHOCTH JIEXKHT
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A
/N

Puc. 56

Ha Guccextpuce yra A (puc. 56), Orciona ZBAO = ZCAO. Tpe-
yroneaki BAQ n CAQ — paBHoGenpeHHRE, OTKYIA

ZBOA = ZCO0A4,

T. . TpeyroasHukd BAQ u CAC paBHBI H, 3Haqni', AB = AC.

3.9. Orser. a) I'chﬁ: E u F — Touxu KacaHHa BHeBITMCAHHON OKpYX-
Hocti (pHc. 57) npogomxeHudt cropo AB v BC COOTBETCTBEHHO.

B

Puc. 57
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Tak kak
BE = AB+ AE = AB+ AB|=c+ AB,,

BF =BC+CF=BC+CB =a¢+CB =a+b-AB,
n BE=BF, 10 c+AB,—a+b—AB,, Te AB =p-c
6) BrrTexkaer u3 a). '

3.10. Otser.

a) Her, Tax Kax Ha OKpPYXHOCTH CKOUIb YTONHO GOJBINOrG pagnyca
MOXHO PACTIOVIOKHTE TPH CKOJTE YTOXHO OIM3KHE TOYKH.
6) a, TaK KaK Paguyc BIMCAHHOH OKPYXHOCTH MEHBIUE MAKCHMANb-

HOi M3 BHICOT TPCYTOIIBHHKA, KOTOPasA B CBOIO QUEPEdb MCHBILEG .
MAKCHMATEHOW 3 CTOPOH TPEYTONILHWKA.

3.11, Pewenwe. YTBepxIeHne OISBMINO, TAK KAK BITUCAHHENA B OKPYX-
Hoctb yron €, onupaioiumiics Ha xopay AB, — Tynoii, B TOM 1 TOIBEKO
B TOM cny4ae, Xoraa Toukn C u O JexaT no pasHbie CTOPOHE OT Nps-
moit {AB).

3.12. NMepaoe pewenne. IIycTh BHEBNMCARHAH OKPYXHOCTb C LGHT-
pom Q kacaercs croponsl AB TpeyronsHuka ABC {puc. 58).

c

Puc. 58
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Torna

r«-éA_fr-sz
2 2
LA+ /B - ZC

= _; =T 3 -<w - LC,

OTKYZa CIEAyeT, YT0 Touka O nexut BHe nyru AB OMHCaHHON OKPYX-
HOCTH, HaMepseMolt yraoM « — ZC.

—
=

ZAOB =7 - LBAQ - ZABO =7 -

Bropoe peuienwe. Jlerko creayer M3 sazaum 3.4.
3.13. Orser. Ilycrr B — panuyc onncaHHON 61(0:10 TPEYTOIBHUKA
" ABC (puc. 59) oxpyxHocTH, 6 = BC. IToraxem, 7ro

a
sind

2R.

B camom nene, nposepeM Avametp C D, Torna B NpAMOYrOJIBHOM TPE-
yronbiuke CBD mveeMm

a=BC=CD .sinD=CD -sind =2Rsin A,

OTKVAA

970 ¥ TpeOOBAIOCh.

Puc. 59
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8.14. Oreer. Her. PaccMOTpHM, HATIPUMED, NPAMOYIO;1bHbIH TPEyrOib-
uuk ABC (/C = 90°). LleHTp OMMCAHHON OKPYXHOCTH GYIET NeXaTh
Ha orpe3ke C'C) W, CACAORATENRAO, HAXOAUTBCS BHYTPA TPEYTOJIBHHKA
A B,C,. Taxymm obpasom, TpeyrontHHk A, B\C| He sBaseTcs npsaMo-
YTOJIbHBIM.

1
3.15. Pewetwe. 3) § = Eab sin-y @ B crTy 3amagv 3.13

Siny = i
7 - 2R’
OTKYH3 CNegyeT, ¥T0
g obe
=R
H, CAEAOBATEABHO,
abe
R= s

NMepeoe pewenve. 5) ITonoxum ZC = . Toraa, XaK H3IBECTHO,

i 1
S = iabsmfyz ic-hc,
orkyaa

- L
sin 7y

Ho s cany zamaun 3.13 —E— =2R, T.€.
sin 4

ad = 2th,
910 U TPeHORAMOCH,
Bropoe pewerue. Yepea pepumany C Tpeyromsavka ABC (puc. 60a)

nposeneM muamerp C'D. Mpamoyronbuele Tpeyroneanky ADC uw CHB
(CH = h, — BhicoTa K cropoHe AB = ¢) 6ynyr nonoBHEL, TaKk KaK
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¢
4 B 4 B

6)

104

a)
Pue. 60

octprie yoin ADC u CBH, onupaommecs Ha oyty AC, papunt. Or1-

10, EE_CH T &
“% pc T Be
bk,
ﬁ——", HIH Db—-2h¢R

Caygaii, korna oanH u3 yroB A u B Tymoi paccm'rpnnamx aHaIo-

ruuHo (puc. 606).
B) BbiTexaer M3 nyHKra 6).

'T) B cuny nyHkTa 6).
e+b+c¢ 4Rp

L, 1, 1 _28 2R 2R __
he hy h. 6c  ab  be abe " abe’
4B 1
Bcunyrryuxma)—»=-s-,xpouc'roros=pr,mxyzta
4Rp 1
abc s
T.Ce.
1 1 1 1
hg hb hc—!’.
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3.16. Pewonus. a) Ilycts Oy — UEHTp BHEBMMCAHHON OKPYXHOCTH,
Kacaloumiica cropohnl BC tpeyronbiuka ABC, (O — UEHTp BNUCAH~-
HOt OKpYXHOCTH {puc. 61). OnyctuM nepneHgukymaps OF n O, F
Ha npamy AC. Tpeyronsauku AOWE u AO,F nonoGHEL, B CHIY 9€ro

OF  AE

OF  AF’
Ho OF = r; a OoF = r,;. Kpowme Tor0, B cury 3anaun 3.9a)
CF=CK~=p-b
(K — TOYKA KaCaHHA BHEBIHCARHHON OKPYXHOCTH CTOpoHH BC), T.e..
AF = AC+CF=b+(p-b) =p.
AHaNOTHYHO

AL+ AE = (AB~BL)+(AC-CE)=
=(-BM)+(b—-CM)=b+c—ua,
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rae I H M — TOYKH XacaHHUsI BIIMCAHHON OKPYXHOCTH COOTBETCTBEHHO

cropod AB u BC tpeyromsuuxa ABC. Ho AL = AE, orxyna

AE=b_+_P___9=p_a‘

2
Hrax, OKOHYATENBHO ‘
AB_p-a
F 2’
T. €.
%=p—-a, w (p-a)r,=pr=29,

410 U TPefOBANIOCE.
6) B cwry nyrkTa a)

or o or
= —, = —— Po = —
=o—a o “Tp-e
OTKYIa
1 1 1 - -b - 3p- b- Ip-2
1. 1. 1 _p-o pb p-c 3p-(atbie) 3p-2p
s T o pr mw o pr o or
B) B cuny a)
S S .
Y= y = —7, Fo=—"\
p—a - r—-c
OTKYia
ST S S
r- ra 1"]; rc— p a p b p c

1

.

=S\/r. d :S\x pf.S =
(p-a)p—bp—o plp—a)(p—b)p-c)

\/ s? s
=8 = .
Pe-ap=0e=9 /o a)p-b)p-o
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Ho no ¢opmyne [epona

Jro—ap-tp-9=5

YTO W JaeT TpefyeMOoe paBeHCTRO.

1) Bhipaxas BHCOTS! M3 PABEHCTB

1 1 1
S= ,:,ﬂha— Ebhb = ic"cs
TIOMyaM
Ll 1 _ b c_a _p-a
_ hy he hgy 25 25 28 8
'Ho B cuny a)
p-a
S 5’

4o ¥ TpeboBanocs.

o) CxnanwpiBas paBeHCTBA {CM. IYHXT I))
11 11 1

1 1

1
re he ke My " T ;3:+hb he’

[IONY4MM TpehyeMoe PaBeHCTBO

2 1)
.h'a_rb "c.
1111
PaBeHCTBO =~ + — = -~ — — BHITEKAeT X3 MYHKTa 6).

rb rc T fg

¢) Bossens B KBagpar ofe JacTH OMYY4eHHOro B nymcrein) paBeH-

CTBA, TIOAYIHM
5? =1 Py Ty,

.5’2=S~pr=r‘ra~rb-rc,

OTKYId BHITCKAET HYKHOC pPABCHCTBO.
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%) B cury a)

Kpome Toro

FIO3TOMY JUIL AOKA3ATEALCTBA YTBEPAACHA HAM HEOGXOIHMO YOS 1beA
B CIIPaBeIUTHBOCTH PaBeHCTBA

s s S abc S
- + + =—+—.
p-a p-b p—c § p

VMHOXas 06¢ YacTH 3TOTO PaBEHCTRa Ha § H_Bmpa):caﬂ 8%, nony-
JHM
- abc -
e S
—p— =
p—ae¢ p-b p-c p
= [p(p- a)(p- b)(p - c)abe] - [p(p- B)(p— ) + plp - a)(p-) +
+p(p-a)p-b) - (p~a)p-H)(p-0)] . -
ITo dopmyne Ii_apona
plo—a)p-B)p-o) =5,

TIO3TOMY MOC/IE COKPALICHHS HA §° TIONySHM

pp-t)p-c) +plp—alp-c) +p(p-e)p-b) -
- (p-a)(p-b)p-c) =abc.

Tpynmupya Tiepehie 2 ¥ TocheaEme 2 (araeMulX B NEBOH 4acTH
DPABEHCTBa ¥ BLIHOCS 0611ME MHOKMTENM, NPHXOAUM K PaBEHCTBY

pp-c)p-b+p-a)+(p—a)p-b){p—p+c) =abe,

" 2(p — ¢)c+ (p— a}{p — b)c = abe,

oTKyna |
P’ —pc+ p* — ap — bp + ab = abd,
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oTKyza
2% -pla+b+e)=0,

2 - 2" =0,

T. €. BEpHOC PAaBCHCTBRO, UTO ¥ JOKAIBIBAET CMPaBEINBOCTE HCXOOHOTO
PaBEHCTBA.

3.17. Pewenue. a) [TycTb npoaoskenns Meauans, GHCCEKTPYICH H BhI-
cOTHl, TIPOBEAEHHKIX W3 BepmHuH C TpeyronbHHKa ABC, mepeceKaor
OITHCAHHYIO UKOJIO 3TOFO TPEYNOAbHHKA OKPYKHOCTh B TouKax P, (), B
CODTBETCTBEHHO (PHC. 62). Touka @ zexmr nyry AB OKpYXHOCTH LO-
MORaM, B CHITY 4€T0 0Tpe30K OQ, tae 0 — LICHTD OKPYXHOCTU, ACTHT
xopnty AB nononaMm H NEPNEHAMKYIBIPEH eil.

Teneps ACHO, KaK CTPOMTE TpeyrosibHuK. Ilo Toukam P, Q u R
CTPDOHM OKPYXKHOUTH # HAXOOHM cc HeHTp O,

3areM yepes TOYKY R nPOBOTHM NPAMYIO, IIAPUVIENLHYIO OTPE3KY
0Q. Touxa mepecedeHHA 3TOH MPAMON ¢ OKPYXHOCTBIO HAeT BEPIITH-
gy C Tpeyronnunki. HakoHel, npopead depes Touky K mepeceyeHHs
oTpe3koB CP u OP mpamyio, NepneHIMEYapHyio O}, HalaeM nep-
IHHH A u B.

6) INloraxem, uro OuccexTpucel AP, BQ uw CR TPeYTO/IBHHIKA
ABC (puc. 63) apIgI0TCA BHCOTAMM B TpeyrolkHkKe PQR.
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R
Pue. 63

Iycts § — Touka nepecedenun mpamuix AP u QR. Yrox ASQ
PAMEPASTCS MONYCYMMON [IyT, HA KOTOPRIE OH ONUPAECTCH, T. . BEIHYH-
HOH

1 1 :
. 3(—AQ+~ PR)= E(V AQ+ - PB+ — BR).

AHanornyio ZASR u3MepaeTca BOIMYHHON
i, 1
i(v AR+~ QP)= -z-(v AR+ ~ CP+ -~ CQ).

Ho no ycaoeuio

B CMIIy YeIo
LASQ = éASR;: 90°,

TaknuM obpasom
AP L QR.

AMANOrHyHo noxasupaercd, 910 BQ L PR u CR L PQ.

Temepb MOHYTHO, KaK MIOCTPOUTD TpeyTonbHUK ABC no Toukam P,
@ u R: pepiunnHn A B u C' BCKOMOLO TPEYTOJIbHAKA — TOYKM NEPECe-
YeHUs NPOAODKEHII BLICOT TPeyroNbHHkKa PQR ¢ onMcaHHO OKpPYXK-
HOCTBIO,
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Puc. 64

8) ¥kazaume, Tlycts tpeyronsiuk ABC — ocrpoyroabksi (puc, 64).

Torza
LCAP = ZCRP, LCRQ = LCBQ.
Kpome Toro, ' -
' LOCAP = 90" - LC = £CBQ,
OTKyZa '

LORQ = £CRP

M, SHAYMT, BLICOTA CR — Guccekrpuca ymna R TPEYTQIBHHKA PQR.
AHUIOTHYHO PaCCMOTPHTE CJIyJall TYIIOYIrOnbHOIo Tpeyroyibiuka ABC.

3.18.

a) ¥xazamwe. Iloctpous cropony BC = 2R sin A, xaiianre ZBOC,
e (J — HNCHTP BIMCAHHOH OKPYXHOCTH, M mocTpoiite Touky O.

6) Vkazamme. B okpyxnocTH maHHOTC paxnyca B TiocTpoiite Xopny
BC = @, nocne 9€ro NOCTpORTE NPAMOYIONBHBA TPEYrOIbHAK
BHC (puc.65), tne BH = h — BrICOTA, TIPOBEACHHAA H3 BEp-
WHHK B, .

B) Vxazawme. 3amkcuposas cropony AC = b Tpeyronbiuka ABC
nocTpolite npaMoyronbunlil TpeyrombHHK AOK, e O — UeHTp
BIIMCAHHON OKPYXHOCTH, K — TOMKA KACAHHA 3ITOA OKPYXHOCTH
cTopoHR AC.



Puc. 65 Pwc. 68

azanme, CHauana nocTpolite pAMOYTOMLHEH Toeyronmvik AME
e M ¥ H — oCHOBAHUSI MEJMAHEL ¥ BHICOTHL COOTRETCTRANNA,

ynicHHMX Ha cropouy BC tpeyronsuvka ABCY, 2 nistom walh
ite wedTp O onucartoR oxond AABC oxpyxuocT.

yers AK =1, — Guccexrpuea yma A \pm.(sﬁ\.“mmmv

\
HE W3 TOYKM A COCTABNAIVE VMWL, DUBMGIE 3 LA, T

pamie AB u AC. Uentp O nrivcanviolt Oxpyxuoca
OXEH Ha DACCTOAHMM T OT JTUX TIPAMBIX 1, CTAN0 O
[axoATCA. OCTanoCh TIPOBCCTI BITACAHKYIO QKDY
TH TOUKM Tiepeceuckn B v € vacatemonolt K ok ¢

TpoBeAEHHOf w3 10uku K, ¢ wpsivisivin AB w AC.

, Oreer, 36,36, WY
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B Ciy 3amayu 3.16 6), ) 3HAMEHUAMH Ty, Ty M T, OJHO3HAYHO
OTPEdeNsOTCA Be/WYMHM 1, hg, hy u h,. Jance, B cwiy 3.168)

8 = \frromr,
TaKKe OXHO3HAYHO onpenejacHo. HakoHel,
1 1 1.
S —jah‘. = Ebhb = EChc,

OTKYNa NOMyd9aeM OIHO3HAYHEIS 3HAYeHWI U @, & ¥ ¢,

6) M3 dopmyssl B yenoBuu 3a0aT 3,16 6) onpenenseM 1, HOCIE MET0
3afa4ya CBOAMTCH K NPSABLIYUIEMY ILYHKTY.

B) B cwiy 3amayu 3.16K) HAXOOMM CHAYATA BEIMYUHY T — I'p, TIOCHE
Yero, HCnonnays 3.16 a), HaxoAUM 7+ 7,. ITo 5TUM ABYM BenUyuMHAM
HRXONHM 3HaYEHHE r,. Teneph 3anaya CBOOHICA K IYHKTY a),

r} ¥kasamme. Bocnoabsyiireck 3azauamu 3.16 6}, x).

'3.21. Pewenwe. I3 pasencrs (cu. 3.16a))

S=(p-a)ra=p-tr,=(p—9r.
BHITEKAeT
p-—a=p-—-b=p-c

OTKyJa
a=b=c¢,

4TO H TPEGOBANOCH,

3.22. Poewenwe. B cwry 3anaum 3.16 X)
| L I
e 2 5(1‘,, + 1y +Te) = 3(4R + 7).
Ho (cm. 3.3) R > 2r, oTKyOa

1
3(4R +7r) = 3r,

T €.
1
r < Efc-
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~ Hanee (cm. 3.166)),
1

1
T ra ’rb rc ra'

OTKyAa

e, UTO H TPeOGOBANGCD.

W

: 1
Takum ofipaszom, 3"« £r<

1 1
Terrepb nycTh 7 = 5"“ = Erc. Torna, CYEBHAHO,

Tag =05 =T¢

YTC B CWIy 3aia9® 3.21 O3HauaeT PaBHOCTOPORHOCThL AAHHOTO Tpe-
yronsHKMKa, HeTpyano npopeputs, HAKOHEL, YTO ISl PABHOCTOPOHHETO
TPEYIOAbHYKA

W) =

Ty = =T,

] —

ra=

L)

T =

3.23. Pewenue, a) M3 peaynbrara samayu 3.16 1) momyamm

1, 2r.7¢ 29,1
= ) kb = H h’(‘ = ‘
s+ T e+ 7T Ta+ Ty
Tak KaK, OYeBUAHO,
dzy ST+
gy o TY

A MOGEIX TONOKUTEALHBIX € U Y, OPHYEM PABEHCTBO AOCTHIAETCA
IHIB B CIyYae T = ¥, TO

1 1 1 ,
ha+he+h: < E(Ta +1’¢)+ E(Ta +1'c:l + 5(" + 1'5) =Ta+ret+ 7.

PaBeHCTBO NP ITOM AOCTUTACTCA JIMINL B CIYYAE Fg = 7y = ¥, UTO
B CHIY 3aja4n 3.2]1 03HAuYaeT pPaBHOCTOPOHHOCThL TPEYIOJbHMKA, 'ITO
¥ TpeBOBAIOCE YCTAHOBHTD. '
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JoKaxeMm Tenepb, uTo

ho + hy + b, 2 9r.

28 2 b
JeRCTBHTCABHO, ———=—E=r(1+-+£).
a a a

CxiagBas OONy4eHHOE BRIpaxenye Wi fi; ¢ aHATOrMHWMY 1A
hy u B, monyuum

a b a ¢ b ¢

.Ho, XaKk M3BecTHO,

b
24232,
a

- +-22, -+-22

ale
ol

olo

>xio

npmeﬁ PaBeHCTBO AOCTHIACTCH JHIDS TIPH @ = b = ¢. Tak\aMm o6pazom,
ho+hy+h, 29r.

6) Her, He cywecrayer. B camom gene, ana moboro « > 0 mo-
CTPOHM paBHOGENpeHHBIH TPeYTOMBHHK ABC' ¢ ocHopanueM AB = 1
H BeICOTO AH = . Tak Kak pagnyc BITHCAHHOW OKPyXHOCTU MESHb-
1Ie HaMMeHbIeH H3 BLICOT TPEYTONbHUKA, a, 3HAYKT, ¥ HauMecHbpLIeH
H3 cmpm{, T0 * < 1, oTKYHA

he+ Ry +he > hg=0a > ar,

YTO ¥ DAET OTPHUATEAbHRA OTBET Ha IIOCTABJICHHBIH BOMpOC.

3.24. Pswenne.

a) Nepeoe pewenwe. M3 3anaum 3,15r) BHTEKAET, YUTO
1 1 1 l 1

h_g+kb r hc

Janee, u3 3.16 n) umeeM

L+L_1(£_L)+l(l_i)_l
he by 2\r 1, 28 n/) 2
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Ho nio 3.166)
' o1
F e N re’
OTKYL3
1 11 1+ 1 5 _1_
he o hy  2\r 1, 2r
OKOHYATENLHO
L 1,1 1
2r he hy 1
: 28
Bropoe pewenua. kb, = - hy = 5 OTKYaa
1

1 a+b_a+b_ a+b

Ry hy 28  2pr (a4b+or
Mockoneky ¢ +b > ¢, TO

a+b+ec<2a+h) <2a+b+o),

OTKyIA
1 a+d
- <
2 a+b+c¢
Taxum oGpasoM,
: 1 < 1 " 1 <1
2‘?’ ha hb 1"

YTO ¥ TPeGOBANOCh YCTAHOBHID,
6) Kax u B HepBoM pELICHHH NIVHKTA a) HMeeM
1, 1! (1 L] )
'ha hb - 2 T T ’

1 1 '
a € YY€TOM HEpABEHCTRE T < Pe, T.E. — > — , OKOHYATENIEHO MOJIYYUHM
¥e
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C

Puc. 67

3.25. Powesxne. Ilycrs CH — Bhicors TpeyrogpEMka ABC, O —
LIEHTP OIMHCAHHOM! OKpYXKHOCTH. [Ipearonoxum cuadasa, yto yrant A
u B ocrprie, T.e. H € AB (puc. 67 a)). Tposeaem meamerp CD. Torua
TpeyrofsHuk ACD 1 HCB — upsimoyroaskme, npayeM yosl D n B
PaBHBI, K&K OMMPAIOIINEC HA OOHY U Ty %¢ nyry AC. Orciona

ZACD = /BCH,

uTQ 1 TpeGORANOCH.

TIycts renepb ofiuH M3 yrnos 4 u B, nanpuvep B, tyiioi (puc. 67 6)).
B 310M cyvae Toukd O ¥ H pacnonoxels ane tpeyronbHuka ABC.
OnAath paccMOTPHM TPAMOYTONLHEE Tpevronbhwk ACD w HCB.

ZCBH = 180° — ZABC,

npuuer S ABC usmepserca nonosuuoi ayrn ADC, orxyna ZCBH
M3MepseTcd nonoprHoi xyth ABC. Ho na o1y xe ayry ABC onmpaertcs
Hyron D, re, :

: £LADC = LCBH.

TakuM 00pasomM, .
LACD = £BCH,

970 ¥ TPeOOBANOCh YCTAHOBUTD,
B cayyae, korda £A pn ZB pasus 90°, yrie ACD u BCH o6a
PaBHHI HYRIO, T. €. ONHATb-TAKH PABHEL MEXIY COGOM.
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Puc. 68

3.26. Pewenune. PaccMOTpUM MPSAMOYTONLHLIE TpeyroabHuku MBC)
U MB,|C (puc.68). £ MCB, nonotnutensHeiit x yuiy ACM, onnpaio-
memycs ua nyry ABM, 1 3sHauut, naMepsicTca nonopuHoi ayru ACM,
OTKYIA CHeAyeT, uTo yolnl MCB; v MBC, pabHbl. TakuM o6paoM,
Tpeyronthukn MBC| u MB|C noxofHsl, T.€.

MB _ MC)
MC MB,’
MB - MB, = MC - MC,.

AHATOrMUHO 13 NONOOMA NPAMOYIONbHBIX TpeyroabtukoB ACIM u
MA\C (yoim MAC) u MCA, paBHbl, KaK OMHPAIOLIHECT Ha oony
U Ty Xe IyTy BM) cnemyer:

MC, MA
M4, ~ MC’
T, B. .
MC -MC, = MA-MA,.
OKXOHYATENBHO,

MA-MA, = MB- MB, = MC - MC,,

910 ¥ TpefoBanocs.
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Puc. 69

3.27. Pewenwe. a) OGo3naurm OA,=h,, OB =h,, OC\=h; (puc. 69).
IIockonbKy

Saasc =pr
U, C ZPYTOil CTOPOHMI,

. 1
Sasnc = Sapoc + Sasoc + Sas0s = i(ah; + bhy + ch3),

TO OTCIONA
e ah; + by + chy
~ a+bye
TakuM oOpa3oM, HaM HEOOXONMMO JOKA3ATh, YTO
ahy + bh; + ch;
h h h = E]
1t hthy =R+ ae+d+c¢
HIH '
b+c g+c c+b
=n 2 h 1

‘at+b+c ‘a+b+c+ 3a+b+c
_hi(b+c)+ha{a+c) + hs(a+ )
- a+b+e '

B nipsmoyronsHoM TpevronrHpEke BOA; uMeem: OB =R,

1
hl = OA1 = (0B -cos éA}OB = R-.cos (E_ABOC) = Rcos A,
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Ananoruuso hy = Rcos B, hy = Hcos C YyuThiBas eine, 9ro B CHAY
samayw 3.13 @ = 2R -sin 4, b = 2Rsin B, ¢ = 2Rsin C, nomyymni
OKOHYATENBHO

hl(b+c)+h;(a+c)+h3(a+b)=2R2cosA(sinB +5inC) +
+2R* ¢08 B(sin 4 +5in C) + 2R* cos C(sin 4 + sin B) =
= 2R*(sin A cos B + cos A sin B + sin A cos C + cos Asin C +
+sin B cos C + cos Bsin C) = 2R (sin (A + B) +sin (4 + C) +
+sin(B+C)) = 2R%sinC +sin B +sin 4) = R(2Rsin 4 +
+2Rsin B + 2RsinC‘) =R(a+b+¢),
YTO H TPeGOBATOCH AOKAIATE. |

6) Ykasanuwe. Vcmomsayitte noKa3aTeNnbCTBO M3 TIYHKTA a} C VIETOM
paBeHCTBa

Saasc = Sasoc + Sasoc — Sason.

3.28. Pewenne. KacareisHbie, MPOBSISHHBIE U3 OMHON TOYKM K OKPYX-
HOCTH, PaBHBI, OITOMY

BG=BF=AB-AE=c¢- AE,
CG=CF=AC—-AF = AC - AE =b- AE.
Orcwna a =BC =BG+CG=b+c¢c—24E, 1.8
AE:AF:p—-a:E’-t%-:-a.

Wcmonesys pesyabrar 3agaud 3.13, noaydyum B urore Tpebyemoe
PaBRSHCTRO.
OcTaneHBIE PaREHCTBA JOKAIBIBAKTCA GHATOIHYHO,

3.29*. Pewenne. IIycib O (pHc. 70) — LEHTP OMMCcaHHON OKOMO Tpe-
yroneHuKa ABC okpyxuoctd, (O — LEGHTP BHEBIUHCAHHOH OKpPYX-
HOCTH, Kacawomelicy croponst BC = a, D — Touka nepeceueHys
GuccexTpucH AQ; yma A ¢ OMMCAHHON OKPYXHOCTBIO. '
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F
Puc. 70

Torza, paccMaTpupas Tpeyronsiuk ABO|, nonyyum
£ZAO\B = LO\BE - L0\ AE.
Kpome Toro,
£LDBO, = ZCBO, — ZCBD.

Tockanmeky .AO; % BO,; coorsercTBCHHO GrccexTpuch yinos A u CBE,
a ym CAD u CBD, omupalomuecs Ha Iyty CD, paBHEL, TO

LOWAE = LCAD = ZCBD u ZOBE = ZCBO;.
Orcoaa '
LDBOy = LO\BE - LOWAF = LA B,

1. e. TPEYTOIbHHK SO D — papHoOeapenublit, u, 3nauut, BD = hD.
Hanee, Touxa D — cepexuna ayru BC, B cwiy yero O L BC.
Onyctum nepreHmuxysp. Q) F wa npavyio OD. Tpumenss Teo-

PEMY KOCHHYCOB K TYNOYTOJNBHOMY TpeYTOnsHHKY QO D, nonyanm

&2 = 00} = OD* + 0,D* ~ 20D - 0, D cos Z0DO,.



122 Mmaea 3. Brncannsie, OMCaNHbe W BHEBNWCAHHLIE OKDYMHOCTH -

Ho
~0,DcosZ0D0, =0, Deos(180° - Z0DO,)=0Dcos LF DO =DF,
T. ¢,

&2 = 0D* + 0,D* +20D - DF.

Tak Kak
oD =BD

M 13 momoGUA MPAMOYTONBIEIX TPEYToabHuxoB BGD u BHD (G u
H — COOIBETCIBCHHO TOWKK TEpecedeHus npamoit OO ¢ onycarHOH
OKPYXHOCTEIO W BC') mMeeM

BD GD
BD BD’
T.€
BD*=HD-GD=HD 2R,
TO

d2=0D*+HD-2R+20D -DF =R'+ HD-2R+2R-DF =
= R’+2R(HD + DF) = R* + 2R - HF.
Onycran nepoeHaukynap O\Hy = r, ua BC M yuuThIBasg, 4YTO
HF = O\H,,
OOJRYUAM OKOHYETE/IBHO
| @ =R +2R-r,,

4YTO ¥ TPeGOBAIOCH,

3.30. Pewenueo. IlyeTb O — HEITp ONMMCAHHOMN OKOJIO TPEYTONBHHKA
ABC okpyxuoct (puc.71), Oy, O» u O3 — TOYKM, CUMMETpPHY-
Hhle (} OTHOCHTENBHO CTOPOH 2TOra TpeyrolbHwka. OG03HAYMM Takke
- gepes E, F n G — Touku nepeceucHus orpeskos 00,;, 00, u 00,
CO CTOPOHAMM TpeyronbHuka, OrieBuaHo, 4To ToMKM F, F u ¢ — ce-
PETMHE COOTBETCTBYIOMEX CTOPOH TpevronyHika ABC, otkyaa EF —
cpefthss auuud, .. BF || AB. Touuno tak xe EF apiaercs u cpeaHeit
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C

0, 0,

S e
Gy
Puc. 71

nMHNEH TpeyraasHuKa 000;, a 3naunt EF || 0,0;. Taknm o6pazom,
AB || 0,0, B ciuny uero 005 L 0,0,. AHanormyno NOXa3bBaeTCA, YTO
Q0, 1L 0,04, 00, 1L 0,05. Ua 31oro cneayer, 4ro Touka O ABisteTcs
TOYKOH NICPECEUEHHA BHICOT TpeyraibHuka 00,0,

Teneps MOHATHO, KAK CTPOMTh TPEYToMbHHK ABC, 3Has TOYIKHU
Oy, 03 1 O3, CHauATa HAXOOUM QPTOLEHTD Tpeyronehuka 010,01 —
Touky 0. JareM Haxonvm cepenusnl otpedxkos 00y, 00; u 0035 —
COOTBETCTRBEHHO ToukM F, F u . HakoHell, nposeas yepes TOUKK E,
F u G npamsic, napavichbabie cootsereTBeHHo 005, (hb0; 1 0,0;,
TIONYYHM MCKOMBI TpeyronsHuk ABC

3.31. Pewenne. SIcHo, YTO OKPYVXHOCTh, NPOBENCHHAA 9e€pe3 3aman-
Hme Touku P, @ u R (puc. 72) Gyner BIUCAHHOH B HCKOMBIH Tpeyrons-
Hux ABC. Haitna uentp O 2T0H OKPYXHOCTH, NpPOBEACM NPIMBIC




124 fnasa 3. Brucantied, OMUCAHHEE H BHERITMCAHHNE DKDYXHOCTH

PO, QO u RO, conepxalme COOTRETCTBEHHO OMCCEKTPHCE! YII0n A,
B n C. Jlanee, HeTpyHO TIOKA3ATH, 4TO

ZPOQ = 32'- + %zc,

1 x

| EZC = /ZPOQ - 7
O1ciona HaigeM :
ZHOC,

rae H — ocHoBaHMe MEPIIEHAMKYApPA, onylleHHoro u3 O na AC:
S |
ZHOC = i 5/.’0 =x — /LP0OQ.

TakuM o6pazoM, Touky H Halinem, npopena nxyy OH moa yrioM, oo-
TIUTHUTETBHBIM K YTy POQ, X myuy OC.

ITocTpoMB fanee xacaTenbHVKI K OKPYXHOUCTH B Touke H, nosyunm
npaMyie AC. AHanoru4yso crpostcsa npavue AB u BC.

3.32. Orser. a), 6) Her, se seerna. CoOTBETCTRYKMIHE NPHMEPH 110
HATHEI H3 puc. 732 ¥ puc. 73 6. ’

Cl '
A, B A B
a) 6)
Puc. 73

3.33. Pewsnwe. 1) Ua uentpa O ernucantoit B TpeyronsHuk ABC
(puic. 74) oxpyxnocn onyeruM mepnenapxyip OH = ¢ Ha BC.
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A

Puc. 74
W3 npamoyronsHoro TpeyronsHuka QOHC umeem
| c
r = 0OC -sin 3

Ho u3 mpeyronsnuka BOC mo teopeMe CHHYCOR M € YUETOM TOIG, 4TQ

NOJYMMM

T. €.

OTKYIa CKOHYATEIbHO

Cos —

4TO H TpeOosaiock. OCTaNbHBIe PABCHCTBA JIOKA3BIBAIOTCA aHANIOTHYLIO.
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2) TlokaxeM, 4To

A, sin —
r= T2
B 2¢0 B cos ¢
- Tt -
2 2
(OCTANEHbIE PABEHCTBR JOKA3BIBAKTCS GHANOTHYHO).

Zng 3Toro B CWIY MYHKTa ]) JOCTaTOYHO NOKA3aTh, YTO

h‘,s,irlé ¢sin ésinE
2 o 2 2
B [ c
2¢os 3 cos 7 cos )

MM TIPOH3BOAA COKpALIEHUA, UTO
" B B
h, =c¢-2sin — cos — = ¢sin B.
2 2
Ho pasenctso b, = ¢-s8in B 04eBHaHO.

3) Ilyers P Touka XacaHHA BITMCAHHOM OKPYKHOCTH CTOPOHL A B
(puc. 75), O — uenTp 5ToH OKpYXHOCTH. TTOCKOMBKY B cHNY 3a0a4n 3.28
AP = p — g, TO u3 NMPAMOYTOJNBHOTO TpeyroneHHKA AOP nonyynm
TpeOyeMOe PABEHCTBO

' A
r=0P=APtg£OA.P=(p—a)tg;.

(craneHue paBeHCTBA JOKAIBIBAIOTCA AHATOTHYHO.
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4) Tlo noxasaHHoMy B nyHkTe 3) -
e T T
? - :4_’ p - -.B_, P _'gg-
3 83 2
VyuTHBas, yTO ‘
p-a)+(p-8+{p-c=p
MOAYYHM
. r + roo
7 83 2

WY NIPHBOAS K O0IHEMY 3HAMEHATENIO,
r(tht C+ At C-I-t At B = pt At Bt
By teyley Tz =Py R7BS.

Jns poKazaTenbCTea Hymoﬁ hOPMYNBL OCTANOCH TIOKA3ATH, YTO BEIPA-

XeHue B ¢ckobkax pasHO 1. Ho, OelicTRATENBHO, YIUTEIBAS, YTO

‘ A B

By '"'83%3

(E _A —)_ctg(—-A+ )—-
2_2_3 = 5 > _ 1 R
: QE+Q?

4
H oBo3Havar ANK yaoOcTea g 7= a,tg 5= 3 nomyunm tpebyeMoe

B C A A B p(l-ap)
BBy Ry E s FE Ry = — ot

2 72 .
a(l —ap) _B(l-af)+a(i-af) +(a+pPlaf _
FTaxg TS a+p ~
“ﬁ-aﬂz+a—azﬂ+a2ﬁ+aﬁ1__a+!3_1
B a+p Ta+8

5) Vasanwe. Hcronssyitre rnyHKT 4).
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A
H
D
0
K
-
B F C
Pnc, 76

3.34. Pewetine. Ilycth Tpeyronbnk ABC ocTpoyronsHbi (puc. 76),
AF v BH — BHCOTH, (). — 1EHTP ONUCAHHOH OKOIIO TPEYrONbHHKA
ABC OKpYXKHOCTH.

[Iposenem amaMetp CD. Toraa, ouesnmio ~BCD = ZBAD. Tak
kak AD | AC, 1o AD || BH u, cienosarensHo,

/BAD = ZABH

Hakoneu, 10uku A, B, F 1 H nexar Ha OOHO#A OKPYXHOCTH C AMA-
merpoM AB, B cuny uero

ZABH = ZAFH

Taxkum oGpasom,
LBCD = /AFH

Orcroma
LKFC =9 — ZAFH =%° — /BCD

(K — Touxa nepeceuchus npambix CD u FH), t. e,
ZCKF =90°,

910 B TpeOOBANOCE YCTAaHOBHTD.
Cnyyait, Xorna TpeyrodtHUK ABC TYIIOYTONbHH, pacCMATPHBA-
€TCA aHAJIOIVIMHO,
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3.35. Pewenue. 1) BombuieMy yry B TPEyTONBHWKE COOTRETCTBYET
u Gonblliag cropona, noroMy BC' > AC > AB. Tak Kak §o/bIas xop-
Ja pacloNkeHa ONHXE K LEHTPY OKPYXHOCTH, T0 GIHxaiillel K USH-
TPy OTMHCAHHOM OKPYXHOCTH OyAeT HaHOOMbILAs CTOPOHA TPEYTOIPHHKA
ABC, te. BC. _

2) Mycts O — LEHTP, a ¥ — PANMYC BIHCAHHON OKPYXKHOCTH.
Torna, anyciva nepnenpukynap OB Ha AC H paccMaTpUBad NpaMo-
VTONBHEL TpeyroabHUK OB A, noayunm;

¥

OA = —a
sm2
AHANOTHIHO
r r
OB = —5 OC =
sm2
Tax xak .
C B A "
— L L & L= .
£2< 2< 2<90,
TO
. C< . B<, A
sm2 sm2 smz,
OTKYIa

04 < OB < QC.
Taknm ofpazoM, Omuwxalueil K UCHTPY BIUCAHHOH OKPYXHOCTH OKa-

3RIBAETCH BEpIN¥HA HAHOOJIBLIETO yI/Id.

3,36. 1) Pemeune. [TockombKy (cM. 3amavy 3.33 1))

e inB's'mC
Sy sy
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TO HaM JOCTAaTO4HO ITOKA3aTh, YTO

B
@sin — sin — '
2 2 L4 B  C
—-—_T—_Mlsmism-z—sini,
CDS;

T.¢C.

A A
a =4Rsin~2- cOos 7= 2R sin A.

Ho paBercTB0 @ = 2R s5in 4 JokazaHo B 3axave 3.13.
2) Yrasawue. Mcronbsyiite COOTHOLLEHNA

r r r
OA:j’ OB:W-, oC = C
Sin — s — St —

2 2 T2

M OyHKT 1).

3.37. Pewenune. 17 yaoberea OyaeM cuMTaTh, YTO BEPUIMHK C' pac-
CMaTPUBAEMBIX TPEYTONEHUKOR ABC pacmonoXeHH Mo OIHY CTOPORY
ot nipamMoit AR,

a) Tycrs O — neHTp BITHCAHHOM OKPY)XHOCTH B Tpeyroabiux ABC.
Torma

LAOB =7 — (LOAB + LOBA)=x - (

- x—-/C _ﬂ’+£C
- 2 T2 27

/_’A+£B)_
2 "2 )7

Taxom 0Gpa3oM, Todxa (0 HAXOMMTCH WA AYIe OKPYXHOCTH, OITHpAlo-

T ZC
weiics Ha xopay AB H HaMepaeMoil nocro;ml{oﬁ BEIMYHHON — ) + —

Hetpymio moxazath, 910 H o6pa'mo, BCAKAH TOYKA YKAIAHHOW AYTH
OKPYXKHOCTH SAIIETCHS UEHTPOM BITHCAHHOW ORKPYKHOCTH L HCKOTO-
poro Tpeyroyibiuka ABC. :

6) Jyra, OKpyXHOCTH, onnpa[omaaca Ha AB, pacmonoxeHHas

T LC
IO APYTYIO CTOPOHY OT BEPIIMHEL €' X M3MEPIEMast BENHYHHOK 375
Vikaszanue, Bocronb3yifTech myHKTOM a).
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3.38. Ykazanue. Hcnomrsys sapavy 3.37, cHagana mocTpoitte HeHTD
COOTBETCTRYIONMIER OKPYMHOCTH, NOCKE Yero — hpaMble AC w BC,

" 3.39. Pewenwe. ITycts O' — uenTp Prmcanroll, a Oy, O; H O3 —
LeHTPE! BHEBIIKCAHHEIX OKPYXHOCTEH, ¥, £1, T3 K T3 -~ COOTBEICTBY-
folmve panmaycsl. OB03HAUMM TaKKe

OO’ - d, 001 = dl, 002 = dz, 003 = d3'.
Mockonbky (cM. 3anaun 3.2 1 3.29)

d*=R'-2Rr, & =R'+2Rr;, i=1,2,3

B+ d+di+di = AR+ 2R(r + 1+ 13— 7).
Ho B csory 3anaun 3.17

rm+rm+r—r=4R,

OTKYAA M CASAYCT HYXHbBIA peaynbTart.

3.40. Oreer. Ilycth ¢ < &. TOrAa YCI0BAEM CYIIECTBOBaHUSA TPEYTONb-
Huka GyleT BHOONHeuue HepaBehcTsa b < 2R, eom a # b u b < 2R,
ecnu @ = b.

Yxasanwe. B mobom TpeyrannuWke, owesdaHo, @ < 2R, & < 2R.
Hoxaxurre, yTo K 06paTHO: Mg JOORX- ABYX uncen a < b < 2R (wm

= b < 2R) HaiineTca TPeyTONRIHK CO c-mpouaml 6 ¥ b, BrIACAHHEIH
B DKDY)KHOCTI: panuyca R.

3.41. Pewenue. Ilycts P M @ — TOUKH KacaHMs BIMCAHHOM B Tpey-
ronsHHK ABC OKPYAHOCTH COOTBETCTBEHHO <TopoH AB u AC (puc. 77),
K — Touka nepecedcHus otpeska PQ c orpeskom AQ, tae 0 — UeHTp
okpyx#socth. Torna '

- A
PQ=2PK=2AP-sin£PAK=2APsinE.
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Puc. 77

Kax yxe Guno nokaiasHo B 3anaye .28 AP = p — e. Ocranoch BEIpa-

A
3UTh Yepes CTOPOHH a6, b ¥ ¢ TpeyroneHMka ABC BeIMuMHY sin —.

2
A fl-cosd
w7 7

¥+ -at
a4 B CUILY TEOPeMbl KOCHHYCOB €08 A = —————, TO OKOHYATENIBHO

2bc
TQIYIIM

[Tockanuky

B te-d

- — - 2 _(h_ 2
PQ=2(p-a)- 22b° =@_a).1/#=
;2@—a)\/—w(p_b;c(p‘c)ﬁ

AHBIOTWIHO RAXOMITCH W APYTUE CTOPOHB TPEYIO/bHHKA,

3.42. Powsenwve. [lycts AF u CFE (puc. 78) — BHICOTH B TPEYTOMh-
Huke ABC, M v N — CcCpCIUHB COOTBETCTBEHHO cropoH AB u BC,
0 — UeHTp OMUCAHHOM OKPYXHOCTH. LA IOKA3aTeIBCTBA HAM I0CTa-
TOYHO TIOKAa3aTh, Y10 MK = OQC, rne K — cepenuna orpeska CH.
Tak xax cpeanas nuuus MN napamnenvua AC H, KpoMe TOro,
ON || AF, OM || CE, 1o tpeyrombhuxys OMN n CHA nopofusl, Kak
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Puc. 78

TPEYTOILHIKH ¢ COOTRETCTBENHO MapajieNsHLIMK cTopoHaM . O1ciona

oM MN 1

TETAC "7
T. €.
OM =CK.

K ToMy xe OM || CK, a sHa9MT yeThipexyroneduk OMKC uapaure-
norpamm, otkyna MK = OC, uto u TpeBoBaIOCh.

ABC oxpyxHocTR, M — TOYKA NepecedeHUs MeanaH. Toraa
A0’ + BO' + GO = (AM + MO)’ + (BM + MO)’+
4+ (CM + MO): = AM® + BA + CM'+
+2(AM - MO + BM - MO +CM - MO) +3M0°.
Ho

T - 2 \?
AD +BO +CO =R, AM = ("jma) ,

2 2 2 2 2 2
BM = (gmb) f CM = (3??1,;) .
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KpoMme Taro,
AM . MO-+BM- MO+CM MO = (AM + BM +CM, M0O) =0,

IOCKONIBKY L
AM + BM +CM = 0.
Floaromy
— — = 4 4 4
A0 + BO' + €O =38 = g™+ 5™ + gmi+
| L2 4
+3IMO > a(mi+mﬁ+m§),
ve 27
m’: +mi+mi< TRz,
4yTO H TpebOBaAIOCH.

PaBeHCTBO BO3MOXHO JMHIUL B crydae MO = O T. 8. COBIMAaNCHMS
TodeX M # O, yT0 3KBHUBAJICHTHO YCIOBHIO & = & =

3.44. Pewenne, CHauam noxaxem, 1o 6V3ir <a +b+c.
HUcnonbsys crodicTea CPEAHEO APUPMETHHCCKOFO H PABCHCTBO
abe

B=%s

(em. 3amayy 3.15), noayuum

a+b+ec
——> > Vabe == VARS.

Hockombky § = pr, a R 2 2r (cM. 3amagy 3.3), To
= {4pRr > 3pr,
a+b+c

e p= —T——.Y‘lmmm,m

at+b+e 2p

3 3
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2
NPHXOOUM K HEPABEHCTBY ?p > /3pr? orkyma

3
%?,p*rz, WIH p>3\/§1‘,

T. €.
a+b+c>6/3r.

e+b+e
TIpu aToM, Tak Kak %- = \/3 abc 1 R = 2r Wb B CMy9ae

& = § = & TO M B MOAYYCHHOM HEPABEHCTRE PABEHCTAO . BOIMOXHO
Jdllb B CIYYae PABHOCTOPOHHOCTH TPEYTOAbHHKA.
Hanee, nepeiaeM K HEPABEHCTBY @ + b+ ¢ < 3V3R.

Nepsoe pewsnue. B cuy sagauu 3.43
27
m: + mi +m? < IRZ

M II03TOMY AOCTATOMHO KOKA3aTh, 4TO

‘ (@ + 8+ 0 < Hm? +mi +md),
a ¢ Y4ETOM TOro, jTO

(a+b+0° =a’+ "+ +2(ab+be+ac) <
<@+ +E+ 2" + ¥+ F) =3(a* + b + )

[Mb1 ucnom3sosanu wepasencrea 20 < a” + 8, 2be <V + & n 2ac <

< 6 + ¢*] noxasars paserctBo 3(a” + B + ¢%) = 4(mk + m; +ml).
B caMom pene, pacCMOTDHM TPEYTONBHHK, 06pasOBaAHHEL CTopO-

e
HaMmu CCy) =m,, BC=aun BC) = 7" INo TeopeMe KOCHHYCOB

az=m§+5:——2m,,~§coséCCIB.

PaccMatpusast cocemmuii Tpeyronsunk C'C| A, NoSyYUM aHANOTHY -
HO, %TO
& c
b= mf; + Z - 2m,. 5 cos ZCCL A.
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CxnaybiBasi, IOJy4eHHbIC DABEHCTBA M YUHTBIBAA, YTO
cos LCC\B = — cos ZCCy A,

MOTYYHM
2

C
az+b2=2m§+-2—,

QTKyHA
4mk = 2a* + 20 — 22

AHAJIOTMYHO NOAYYAKYICSA PABCHCTBA
4mﬁ =2 +2¢ ~- @, 4m§ =2a* + 26 - %,

Croxus noclesitie TPH paselicTha, ONydHM HYXHBIH pe3ynsrar.
PaBeHCTBO B ZOKA33HHOM HECTPOIUM HEPRBEHCTBE BOZMOXHO JIMILb
B CAyyae
: 2, 2, 127,
mg +my +m, = }—R
2ab=a2+bz, Re=W+ u 2ac=az+cz,
T.e.Kotmaa=b=c.
Bropoe pewexune. YxadaHne, 3abukcupyeM cropody AB u yron C
Tpeyroabinka ABC (puc.79) M M3 BceX BOIMOXHEIX TPEYTONLHMXOB
ABC BrGepeM TPeYTONbHHX Haubonnuero rmepumMerpa. [Iycrs B —

TOYKA KACAHHA BITUCAHHOHN B TpeyromwHrk ABC OKpyXHOCTH ¢ paiu-
ycoM 7 M 1ichTpoM O croporsl AC (puc. 80). Toraa

CB =p-c¢
{em. 3anauy 3.28) u

C
r=OB'=_CB'-tg§~ =(p-'0)135.'
Orciona st owiam TpeyronsHrka ABC nostyqum

.. C
S'=pr=p(p—c)tg-5.
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C
C
C
A B
Puc. 79
Ilo yeropuio ¢ n 1g _5 — KOHCTAaHTHl, H, 3HATUT, MAKCHMAaTBHOMY

IHAYCHWIO TIepUMETpa OYIET COOTRETCTROBATE U MAKCHMANELHOE 3HAUE-
Hue miomany 8. Ho U3 BCex TpeyroNbHHKOB ¢ 3aaHHEMN OCHOBAHH-
€M M YINOM DpH BEPIUMHE MAKCHMMAIbHYI) IUIOmALb MMeeT (Tax Kak

1
S = 3¢ h.) pasHoGexpeHHHit TpeyroasHpk. Jlance noxaxurte, YTO

%3 BCEX TPEYTONBHHKOB, BITHCAHHEIX B JaHHYI0 OKPYXHOCTh MAaKCH-
MAaJbHBUA NEPRMETP HMEET PaBHOCTOPOHHMAN TPEYTONbHHK,
3.45. Ovwer. PaBHOOCApeHHNI TpeyrombauK (AB = AC),

_ ¥xasewue. Bocronesytitech sapavest 3.37 a).

3.46. Yxasawwe. Bocnonndyiitecs QopMynoi § = pr u 3anayamwu
- 3.156) u 3.16 a).

3.47. PeweaHue. 1Iycts F u F — COOTBETCTBEHHO TOUKH XacaHUs

~ BIIMCAHHEIX B TpeyTrombHMKM ACM u BCM oxpyxkuocTel (puc. 81)
croponst CM {M - npoussonbha). Torna (cM. anady 3.28)
CE = AC‘+CM—AM’ OF = BC+CM—BM.
2 "2
Ecnun Touka M BmGpana Tax, Kak TpoBycTes B YCIOBMH, T0 B = F u,
cnegosarenbHo, CE = CF, 1. e.

AC+CM — AM = BC+CM — BM.
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C

F
A M B
Puc. 81

Orciona AC' — AM = BC — BM. Yaurtnisasi, wto BM = AB - AM,
MONYYHM OKOHYATENBHO
AC+AB-BC b+c—a

AM = = ,
2 2

YTO MMO3BOMAET OAHOZHAYHO ONPEHC/IUTE MOT0XCHHS TOYKH M.

Pewenne. PaccCMOTPHM, HANPHMED, PABHOOSAPEHHDIM TIPAMOYTONEHEIH
TPEYTONLHHUK € KaTeTaMH @ = b M THITOTEHY30H ¢.
[ockoasky (cm. 3adauy 3.16a))

Ta = 'y =ty Pom—>
a p— a! - Ih B [ p— C-
TO JUEA OIPOBEPXEHUA THIIOTE3b], ChOPMYIMPCBAHHON B YCIOBUM 3a1a-
w, ROCTATOUHO MOKa3aTh, YTO
25 S
< -,
p—-a p-c¢

To+7Tp =

T.¢. .
Ap-c)<p-oa.

4
IMocnenmes HepaBeHCTBO SKBHBAIEHTHO HEPABEHCTBY ¢ > 39> Kotopoe

Bepio, 160 ¢ = V2a.
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Puc. 82

3.49. Ykazanue. ITycts O — cepemuua qyru BC (puc. 82), TIockonb-

Ky AB = AC, 1o AO — ouccextpuca yrma BAC. Ocranock moxasartb,

" uyro OB — 6uccexrpica yrna ABC, t.e. uto ZOBA = ZOBC. Ons
3TOTO UCTIONLAVIITE CROMCTBA YIIa MEXTY KACATENLHON M XOpnoii. '

3.50. ¥xazanwe. [lycts 1peyromsunk ABC — ocrpoyrombkemy, H —
ero oproieHTp K C' — TodKa, cuMMeTphaHast H OTHOCHTENLHO CTOPOHE!
AB (puc. 83). TTockoneky AH L BCn C'H L AB,10 LAHC = /B.
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C apyroit cTopoHH, TpeyronbiiK HAC' paBHOGeApeHHbIH, OTKyNA
ZAHC = LAC'H

TakuMm 00pa3om,
ZAC'H = /B

H, CENOBATEBHO, TOUKa C” JIEXUT Ha ONMCAHHON OKOJIO TPEYTOILHUKA
ABC OXpYXHOCTH. AHANOTHYHO PACCMATPUBACTCA VIPWHAUTCKHOCTD
ONHCAHHOH OKPYXHOCTH KBYX OPYIHX TOUYCK.
' Ciyyail TYDOYTOABHOTO TPEYTONHHKA PACCMOTPHTE CAMOCTOSTENBHO.
2) Ykasamme. B cuny nyHxTa 1)} JaHHas OKPYXHOCTh GYIeT CHM-
METPUYHA OTTHWCAHHOH OKPYAHOCTH OTHOCHTEABHO OAHOM H3 CTOPOH
TPEYTOABHUKA.



Maea 4

JameuarennHble TOYKH
¥ IMHUN TPEYroNbHUKOB

§1. 3agaum

4.1 [ Joxaxure, 41O NpsAMLIe, COAEp:XKalliie BLICOTHI TPEYTONbHUKA,
MEPECCKAITCA B OMHOH TOYKE, KOTOpas Ha3BIBaeTCsd OPTOUESHTPOM Tpe-
YIONBHHKA.

4.2 B ocTpoyromsHoM TpeyrombHike 4 BC npopeneHE! BRICOTH A4,
BB,, CC,. Joxaxure, YT0 TPCYTONIEHHUKH ABICI, A BCy, A;B,C
1noaoSHb Tpeyroibiuky ABC.

4.3 TpeyronsHHK AlBlc'l , BEPIIHHAMH KOTOPOrQ ABIIOTCA OCHO-
BaHMs BHicOT AA4,, BB, CC, rpeyronsiuka ABC, Ha3EBaeTcs Op-
TOUCHTPUYECKHM TPeyroabHUKoM TpeyronsHuka ABC. Haiigure yr-
Nkl OPTOLICHTPUYECKOTO TPEYTOMBHMKA OCTPOYIOABHOIO TPEYroAbBHHKA
- ABC, ecnd yoe Tpeyronbimka ABC pasHua A, B, C.

_ 4.4| . JlOKaxXuTe, 4Te BHICOTH OCTPOYTOALHOTO TPEYTOJbBHUKA SBJIS-
JOTCH OMCCCKTPUCAMM YIVIOB €10 OPTOLCHTPHYECKOTO TPEYTOIIbHHKA,

_ ﬂl Haftaure YIie OpTOueHTPHYSCKOND TPEYTOJIbHMKA TYIIOYIOb-
HOTO TpeyransHuka A BC', ecmu yrasr rpeyronbhkika ABC pasunl A,B,C
(yron C — Tymoi).

4,6 Hajare yIiBl BCEX TPEYTONBHHKOB, KOTOPhIC NoNGOHBI CBOMM
OPTOLEHTPHIECKHM TREYTONEHHKAM.
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4.7| " J1aH OCTPOYTOJIBHEIL Tpeyroabiux ABC. JokaxuTe, yT0 TOY-
KM, CHMMETPHYHEIC OPTOLIEHTPY TpeyToNEHHKa 4 BC GTHOCUTENRHO eFO
CTOPOH, JIEXKAT Ha OKPYXHOCTH, OITHCAHHOM OKOJIO 3TOTO TPEYTONBHUKA.

4.8| T1ponoDKe HUA BECOT OCTPOYTONABHOIO TPEYTONBHHKE ABC ne-
peceKaroT OIUCAHHYIO OKPYAOCTE B TOUKax 41, By, Ci. Jokaxure, y10

a) Tpeyronbhiuk A;B;C] monoGeH OPTOLEHTPHYESCKOMY TPEYTOIbHU-
Ky TpeyronbHuka ABC u kosdouLpeHT nomodus paBex 2;

6) BEICOTH TpeyronpHuKa ABC SBIAIOTCA GHCCEKTPHUAMM TPEYFO/Lb-
HHKA AlB| C,. : -

4.9 Iycts H — oprougHTp TpeyronsHuxa ABC, JoKaxuTe, YTo
PaXMYCH OKPYAKHOCTEH, OMMUCAHHAIX OKO0 TpeyTonsHukos A BH, BCH
yu CAH paBHE MexXiy CODOM 1 PABHBI PAIUYCy OKPYKHOCTH, OITHCaH-
Holt okoJo Tpeyroipunka ABC,

ﬂl Haxu tpeyronsHuk ABC ¢ oproueHTpoM H, Jokaxure, ¥T0 pac-
CTOSIHHE OT BEPIIMHH TPeyronbHHKa ABC [0 ero OpTOLEHTPa PaBHO
PACCTOMHMIG MEXAY LCHTPAMY ONMMCAHHOM OKPYXHOCTH TPEYrONbHHKA
ABC M OKpYXHOCTH, NPOXOIsLEH Yepe3 APyrue Ase BeplUIUHbl H Op-
TOICHTP.

ﬂ] Touxka P N€XMT HA OKPYXHOCTH, OMMCAHHOM OKOMLO TPEYIO/b-
mHKa ABC. Jlokaxure, uro toukn Py, Py, P;, cuMMeTpHuHEIE TOUKe P
oTHocHTeIbHE cTopos BC, CA, AB tpeyronsHuka ABC nexar ua on-
RO} IPAMOH, MPOXOZAMIEHA Yepe3 OPTOLEHTP 3TOro TPEYTOAbHMKA,

ﬁ] Jlokaxure, 4YTO PAAHYC ONMMCAHHON OKPYXKHOCTH, TIPOXOAALIEH
Yepe3 BEPIIMHY TPEYTONbHMKA H BLICOTA, OMYLIEHHAA M3 ITOH XKe Bep-
' IIKHE HA NPOTHBOIMJIOKHYIO CTOPOHY, 006pa3yioT paBiikié YIJIbl ¢O CTO-
POHAMK TPEYTONEHUAKA, NPOXOMAILKEMH YCpe3 TY XKe BCPLIHHY.

4.13| Hairre yros MEXIY PAXAYCOM OMTHCAHHOM OKPYXHOCTH, TIPO-
BeLEHHOM uepe3 Bepiuuhy C TpeyronbHuka ABC u BbICOTOH, ofy-
IIEHHO K3 OTOH Xe BEPIUMHE HA IPOTHBOMIONOXIYIO CTOPOHY, €CJH
/BAC = A, ZARC = B.
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4.14| B ocmpoyronsHoM Tpeyronbiuke ABC nposeneHs! BbicoTet AH),
BH,, CH;. loxaxure, Y10 paJuychl, COBTHHIIOUINE LIEHTP ONMHCABHON
OKPYXHOCTH TpeyronbHuKa ABC' ¢ €TO BepIIMHAMH, TIEPIIEHINKYIAP-
HBI CTOPOHAM OPTOLSHTPHYECKOIO TpeyroabHuKa HiH, H;.

4.15| Tlycts R — pamuyc ONMHCAHHOM OKPYXHOCTE OCTPOYIQUIbHO-
1o TpeyronbHuka ABC, py - TIONYNEPUMETP X0 OPTOLEHIPUYETKOro
tpeyronsiuka HyH,H;, 8§ — ruiomans TpeyroasHuka ABC. Jokaxu-
T¢, 4T0 5 = pm R.

4.16| Tpeyromsuux A,B;C| Hasubaeres BIIHCAHHBIM B TPEYTONBHIK
ABC, ecnu 1o BEpIIMHB JIEKAT Ha ¢TOpaHax Tpeyromsiwka ABC. Jlo-
KaXMTE, YTO EC/IM BILMCAHHBUA TPeyronsHuk Ay BiC) uMeeT HaUMEHb-
LKt TepUMETP CPeaH BCeX BILMCAHHRIX B OCTPOYTOJLHEIH TPEYTOJBHHMK
ABC TpeyTrOIBHHKOB, TO 3TOT TPEYTOJNGHMK COBMENAET ¢ OPTONCHTPH-
YCCKHM TPEYTOJAbEHKOM TpeyrausHuka ABC. '

4.17| Tlycre O — UCHTP ONWCAHHOH OKDPYXHOCTH TPEYTONBHMKA
- ABC. Haitmure yrel 3TOTO TPEyTOJIbHHKA, €CAM H3BECTHO, 4TO Ye-
ThIpexyTonbHUK ABCQO poMb.

ﬂl B tpeyronenuke ABC uapectho, wro ZB — /A = 90°. Hoxa-
KUTE, YTO R + hﬁ = m%, rie B — pamuyc omucaHHOH OKpYXHOCTH,
h, 4 M, — COUTBETCTBCHHO BHICOTA H MEAHAHA, IPOBCICHHBIE H3 BEP-
11171312 O O

4.19] J[aw ocrpoyromsnbiit TpeyrompaHK ABC, O — 1CHTp OTIHCAH-
HOW OKpy:xHOCTH, H — OpTOLCHTp 3TOro TpeyroJAbHHKA. JoKaxaire,
YTO CASOYIOINNAE YCAOBHA PaBHOCHIBHEL:

a) LACB = 60°;

6) TOYKA, CHMMETPHYHAA TOYKe () OTHOCHTELHO CTOpoHn AB Tpe-
yronbHAKa ABC, XeXHT HA OXPYXHOCTH, ONHCaAHHOH OKONOo Tpe-
yronsHuxa ABC,

B} Touka O NEXUT HA OKPYXHOCTH, ONMNCAHHOH OKOIO TPEYTONEHUKA
ABH:

1} ZAOB = 120°;
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By LAHD =120°;

€) LEHTD OKPYXHOCTH OIIMCAHHO 0K0/I0 Tpeyronbtiuka ABH neXuT
Ha OKPYXHOCTH OTIMCAHIIOH 0KoO Tpeyroiutuka ABC,

%) TpeyronbHMK C'OH paBHo6enpeHHbl.

ﬂl HazoseM tpeyrombhuik A4(5,C), BOMCAHHbIH B TPEYrOIbHUK
ABC 6uIBAPIBEM, ECITH €0 CTOPOHB 00pa3yIoT PABHHE YT CO CTO-
poHaMu TpevronbHuka ABC. JlokaxuTe, 4TO ¥ OCTPOYTOILHOTO Tpe-
YTOJMBHUKA CYIMIECTBYCT CIUHCTRCHHEBINM OWIBAPAHBIA TPEYTOMRHHK, KO-
TOPHI COBNALAET C OPTOUEHTPHUECKHM TPEYTOJILHUKOM ITOTO OCTPO-
YTONBEHOTO TP&YTOILHHKA. '

4.21| (Yerno). B tpeyronsuuxe ABC npopencHbl meauann AA), -
BB, CC,. Hoxaxure, 410 TpeyronvHuk A,B;C; nomobeH Tpeyroias-
HHUKY ABC, a ¢ro wiomanp pasta 1/4 uiontam tpeyromsiuka 4BC.

4.22| HJoXaXuUTe, 970 MEOIUAHB! TPEYTONEHHKA pa3tHBaloT €ro Ha mecn
DABHOBEAHKHX TPECYTONBHUKOB,

4.23 Haﬁnmé‘ YTIILL, MOA KOTOPBIMHM BUAHW CTOPOHE TPEYTQILHHKA
M3 IIEHTPa BIUCAHHOHN B 3TOT TPEYTANBHUK OKPYXHOCTH.

4.24| O603HA'IMM TOUKH KACAHHH BIMCAHHOM OKPYXHOCTH TPEYrONb-
nuka ABC c ero croposamu AB, BC, CA wepes €, A, By coo1-
BETCTEEHHO. Jlokaxure, 9170

a) Tpeyromvauka AB,Cy, BC Ay, CA,B) paBHOGEIpEHHIE;
6) 6uccekTtpuchl Tpeyronbiuka ABC nepneHOHKymApHb CTOPOHAM
Tpeyroietmka 4,B.C).

_ 4.25| Haiigure yoan Tpeyronbauka A, B, C) U3 npeabayineH 3anadu.

4.26| Hokaxure, 910 GUCCEKTPHCA YT TPEYTOABHMKA IENAT Ipo-

THBONONMOXHYIO CTOPOHY TPEYTOILHMKA HA 4WacTW, NMPONOPIUOHANEHEIE

npenexaimM croponaM. (Ecan CCy — GMCCCKTpUCa TPeYTONbHMKA
ACy AC

ABC,TO —C|B =C—B._
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4.27| Hau Tpeyrombiuk ABC, I, — mmina buccekrpucsl yraa C
TpeyronsHuka ABC, a u b — mmaHut ctopod BC u CA, LACB = C.

C
2abcos —

OKaxkHTE, 4To {, = ~————
a be g

4.28| B octpoyronsHoM Tpeyromsinke 4BC yron C pasen 60°, O
H I — LeHTPH ONMMCAHHOM M BIIMCAHHOM OKpyxkHocTed, H — opro-
ueHTp Tpeyronpinka ABC. [lokaxwre, UTo
a) TouKa I JIeXWUT Ha OKPYXHOCTH, ONTHCAHHO| OKOMO TPEYTOITBHUKA
ABH;
6) mpsMas OH smiserca 6uccexrpucoit yoia AHH, Mexny BhicoTa-
vu AH; u BH, tpeyromwinka ABC; )
B) npamad OH nmeprenaukyaspHa 6uccextpuce yra C';

r) npsmag OH orcekaer ot TpeyrombHuka ABC npaBWILHEIH Tpe-
VIOJBHWK.

4.29| Buccektprca CC| NEpeceKacT ONMCAHHYIO OKPYKHOCTh Tpe-
yromiuka ABC B touke P. Hokaxure, uto

a) Toyka P snndercqd cepenvHo# xyrH APB;

6) tpeyronshuky PIB u PIA pasuoGeapennble, rae I — uLeHTtp
BIIHCAHHON OKPYXKHOCTU TpeyToNbHHKa ABC, :

B) P — LIEHTp ONIHCAHHOM OKpYXHOCTH TpeyransHuka AIB.

ﬁiﬂ] Joxkaxure, IT0 €CIM RBICOTA M MeTuaHa HepasHOBeJpeHHOTO
TPEYTOJALHMKA, TIPOBEISHHEIE ‘H3 OLHOM €ro BEPLiMHbL, 00Pa3yIoT paB-
HEIe YIJILL CO CTOPOHAMM, NPOXONAUIHMHE Yepe3 Ty XKe BepLIHHY, TO 3TOT
TPEYrOJIbHIK NPAMOYTOIBHEIN,

4.31| B tpeyronbhuke ABC O — LCHTP ONMCAHHOH OKPYXHOCTH,
Ci — cepenuna cTopoHE! AB. [loxaxuTe, 4To ecnu TpeyromeHux COC,
IPAMOYTONbHBIH, TO |£B — ZA| = 90°.

4.32] B Tpeyronpumnke ABC, yran xotoporo pasan 40°, 60°, 80°
(ZCAB = 40°, ZABC = 80°, Z/BCA = 60°) nposeacHa Bricota CH.
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BrisicHUTE, SRISeTCS AU TpeyroiabHHK COH npsMoyTOAbHbiM, fe O —
LEHTP OMHCAHHOM OKDYXHOCTH TpeyroibHuka ABC.

4.33| B HepaBHOGEHPEHHOM TPEYTOMLHMKE W3 OTHOH M TOH Xe Bep-
MHHBL TIPOBENleHs! GHCCEXTpUCa, MEXBAHA W BhicoTda. JIokaxmre, 4To
OHMCCEKTPHCA BCCTAA JIEXKUT MCXKIY MEIHAHOR K BBICOTOH.

4.34| (YerHo). Moryr nu
a) BHCOTA U GUCCUKTPHCE;

6) MeImaHa H GUCCEKTPHCA, NPOBCACHHKC M3 OAHOM M ToM XKe BCp-
IUMHEL TPEYTOTEHMKA OSJTHTE €r0 VITIH, HA TPH PABHBIE YacTH?

4.35] HaiiauTe yI/Bl TPEYTONBHIKA, €CITH H3BECTHO, UTO BHICOTA K ME-
IMaH4, TPOBEACHHBIC W3 BEPIIMHBI OHOTO H3 YIJIOB TPEYrOJIbHMKA Je-
JISIT 3TOT YO/ Ha TPU PABHBIE 'IACTH

4,36 Bepﬁo MU CNEOVIOIEE YTBEPIKOCHHE: eCY OPTONEHTPHYECKUH
Tpeyronsuauk HyH,Hj tpeyronsanka ABC npaBwibHbIH, TO caM Tpe-
VIO/6HUK ABC Takke npasuibHLiA?

1.3_7] BriucaHHass OXPYXHOCTB TpeyronsHuka ABC ¢ uentpom I ka-
caetcd ero cropow BC, CA, AB Brouxax 4;, B;, (3 COOTBETCTBEHHO.
Tlyere A;, By, €1 — Touku nepecedcHus OuccekTpue ymios A, B, C
TpeyronbHMka ABC © OIMMCaHHOM OKPYXHOCTBIO 3TOTO TPEYTONBHHUKA.
JloKaxuTe, qIT0:

a) Touka I sBAgercd oprolelTpoM TpeyroabHuka 4,8,C;
6) TpeyromsHMK A4,81C| nmonodeH TpeyTONbHHKY A2B,C5;
B) OPTOUEATPHNCCKHH TPEYTOALHAK Tpeyronbinka A;BC) romore-

THYeH TpeyronbHuky ABC ¢ IeHTpoM roMOTeTHH B TouKe [ ¥ Ko-
2(ppHUMEHTOM TOMOTSIUY paBHbm 1/2.

ﬁl B opronextpuucckuil Tpeyronbuuk HiH,H3 OCTPOYFONBHOIO
TpeyrolbHHKa ABC BOHCANA OKpYXKHOCTh, KOTOPAS KACAeTCA CTOPOH
TpeyronsHHKa HH>H; B Touxkax A, By, C). JoKkaxuTe, Y10 TPEYTroih-
HuK A,5,C) nonofen tpeyronsHuky ABC.
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ﬁ] M3 Touku P, nexameit Ha OKpyXKHOCTH, OIVILIEHEI TePIIeHIUKY-
TPl HA CTOPOHBI BITHCAHHOTO B 3TY OKPYXHOCTE TpeyroimsHaka ABC.
HokaxuTe, 410
a} OCHOBaHUA 3THUX MEPNCHANKYAAPOB JI&XKAT HA OaHOH MpPAMOi, KO-
TOpasA Ha3biBaelcA NpaMoii Cumcona;

6) npsamas CuMcoHa TOYKH P JEMHT TIONONaM OTPe3oX, COSTHHSAIO-
UTHH ITY TOYKY ¢ OPTOLICHTPOM TPEeyTrONbHuKa ABC.

ﬂl Touxka P neXut Ha OKPYXHOCTH, ONIUCAHHOH OKONO TPEYTOJNE-
Huka ABC, A, B, C| — ocHOBaHKA MEPIIEHANKYISIPOD, ONYHICHHBIX
K3 ToukH P Ha cropont BC, CA, AB tpeyroneauka ABC. Jokaxu-
Te, 4t0 PA- PA, = PB - PB, = PC - PC) (Teopema .!Ie_myana).

4.41] OKpyKHOCTb, KACAIOLIAACS ONHOM CTOPUHL TPEYTOTLHMKA 1 [IPO-
JO/DKCHMA JBYX APYTMX €10 CTOPOH, HA3BIBACTCSK BHEBIIMCAHHOM OKpYyX-
HOCTBIO TpeyroabHMka. Ilycte @, Oz, 03 — LEHTPH BHEBITHCAHHBIX
OKpYXHoOCTEH, Kacaruuxea cropon BC, CA, AB mpeyroneinka ABC.
Jloxaxure, uro

a) Kaxmad u3 Touek (O, 0, O3 COBIIATAET ¢ TOYROH TEepecedeHHs
GuwccekTpncH OAHOTO W3 YITIOB TPEYTONBHHKA ¢ OMCCEKTpHCAMU
BHELIHHX YTJIOB TIPH ABYX APYTHX CTO BEPILMHAX;

6) pepumnn A, B, C' yexart Ha cTopoHax Tpeyronsuuka Oy, O,, Oy,
npudeM TpeyronbHuK A BC ARIFETCA OPTOUCHTPHWIECKHM JTIS TPe-
yronbHHKa 0,203

4.42| TyeTh pagMycH BIKCAHHOW H OMHCAHHOM GKpYXHOCTEH Tpe-

yronbiuka ABC papHe  H B, a cro ymnet — A, B, €. JlokaxHTe, 4To

A . C
r—4Rsm35mEsm3.

ﬁl Joxax#Te, 470 XOpIA ONMHCAHHOIN OKPYXKHOCTHM TPEYTOALHUKA,
OZIMH U3 KOHUOB KOTOpOi coBmanaeT ¢ BEPLIMHON TPEYTONEHHKA, 2 BTO-
poit — c TOYKOH mMepecedeHUA GHCCEKTPUCH, NPOBEACHHON U3 3TOI
BEPIIUHM, ¢ ONHCAHHON OKPYXHOCTHK, NEIUTCA LISHTPOM BIMCAHHON
OKDYXHOCTH Ha OTPE3KH, NPOH3BEASHHE KOTOPHIX paBHO 2Rr, rme R
H T — PaaMYCEI OMMUCAHHOM M BIMHCAHHOH OKPYXHOCTEH TPEYTrobHHKA.
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4,44| [JMokaxte, wro pacctosHue d MEXAY LEHTPAMM BIDMCAHHOH
M OMHUCAHHON OKPYXHOCTEH TPEYTOJLbHHKA W PALMYCHL 7 ¥ K BIHCAHHOM
W OTHCAHHOR OKPYKHOCTSH VAOBAETBOPAIOT COOTHOMEHMIO

d* = R® - 2Rr.

4.45| Ilycte b u ! — BriCOTA M buccexTpuca, OpOBeACHHBE H3 OOHOM
BepUIHHEI TPEYTONIBHEKA, ¥ K — Paauychl ero BIMCAHHON H ONMHCAH-

HOJ OKpyxHoctei. Jokaxure, 910 % Zz %.

4._46_] Ha of10ii H3 CTOPOH ARHHOIO Yraa 3aHKCHpOBaHa TOuyKa A.
PaccMaTpyBaroTCs BCEBOBMOXHBIE OKDYXRHOCTH, KACaruIuecd 3ol ¢1o-
POHEI B TOMKe A H nepecexaolnue ApyTyio CTOPOHY B ABYX TO4Kax B u ¢
(kaXmas OKPYXHOCTL — B cooelt Tape ToMeK, 0603HAYAEMbIX Yepes B
u C). JoKaxure, YTO LEHIPH OKPYKHOCTeH, BIIMCAHHBIX B TPSYTOlib-
unkn ABC, nexar Ha oOHOH NIpAMOIN.

ﬂl BryTpH Tpeyronbiika A BC' B3aa rouka M takas, yro LBMC =
= 90° + ZBAC/2 unpamas AM copepxwT USHT) OKXPYXHOCTH, ONK-
carHoil OK010 TpeyroabHuKa BMC. Joxaxure, yto M — LEHTP BIIM-

CAHHOI OKPYXHOCTH TpeyTonbHuka ABC. '

4.48) Jlan tpeyromstux ABC (LA < £B < ZC), O u I — uee-
TPHI €T0 OMMCAHHON H BIIMCaHHON OKpYXHOCTeH. JoKaXuTe, IT0 6Cin
npsamas O nepneHaukyaapHs GHecekTprce yia B, 10 JMHE CTOPOH
tpeyronbiuka ABC o6pa3yioT apnMEeTHISCKYIO NPOTrPECCHIO.

4.48| TYlycrs h u !l — BrcoTa M GUCCEKTPHEA, NPOBEACHHBIC H3 OAHOM
BEPHIMHEL TPEYTONEHHKE, * 1 B — PamgHyChl €ro BIHCAHHOM H OIMCaH-

: k- 2r
HO#M OKpy:xkHocTel. JoKaxuTe, 4ro ecinH 7= 1/5, TQ IJIMHBI CTOPOH

TpeyrofEHMKa OBpA3YIoT apHdMeTHIECKYIO TIPOTPECcCHIO.

4.50] B Tpeyrosrvuke ABC yronm B — cpenHWii no BEenMMUHE
(£ZA < /B < £C), O — uentp onucanHOW OKpyXHocTH, H —
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oproueHTp. Jokaxire, yto ecnu npaMas OH nepneHavkKyaspHa Guc-
cekTpuce Yra B, To yrasr Tpeyromstuka ABC o6pasyioT apudpMeTH-
YECKYIO NPOTPECCHIO.

4.5I| B tpeyronsauxe ABC (LA < £B < ZC) I 1 O — UeHIPH
BAMCAHHOMN 1 OITHCAHHOH OXpyXHOCTeH, mpamaa OH MepreHaHKynsap-
Ha 6uccexTpuce yraa B. Moxer jmi Touka T mexarte Ha mpamot OH?

4.52| B tpeyronsHuke 4ABC M3 KaXI0it BepITHHEI TIPOBEIEHE! BHICO-
T4 U OUCCEKTPUCA, MX IUIHHBL COOTBETCTBEHHO paBHuL Ny, {1, Ry, fa, R3,
{3; * # A — palMyCH BIIMCAHHOM M OIIMCAHHON OKPYKHOCTEH 3TOTO
. h] ha hy - 2r
TpeyronbHuka. JOKaxuTe, UTO ecii — — — 4+ — = 3,4/ —, TO Tpe-
' 4 i I3 R
yroasHek ABC npasMAbHBIN,

4.53| Ioxkaxure, Y70 CEPeaMHBl CTOPOH Tpeyroisiuka ABC, ocHo-
BAHHA €r0 BLICOT A CePeMHBI OTPEIKOB, COSAHHMIOUIHX BEPIIMHEI Tpe-
VIO/IBHUKE ¢ OPTOHCHTIPOM JEXKAT HA OOHOM OKPY:RHOCTH, KOTOpas
HA3RIBACTCA OKPYAKHOCTBIO Jiflepa MMM OKPYKHOCTBIO OEBATH TOYEK,
TIPHUEM pajinyc 3TOH OKPYXHOCTH paBeH TMOMOBKHE panvyca ONMHCaH-
HOH OKPYXHOCTH TpeyTonbHuka ABC.

4.54| Joxaxure, 4YTO BEHTP DKPYXIOCTH NEBSTH TOYEK TPEYTONEHHKA
COBNAZACT ¢ CEPCIMHOM OTPE3Ka, COCMUHAIOIICTO LEHTP ONHCAHHOMN
OKPYXHOCTH ¢ OPTOLSHTPOM 3TOTO TPEYTONBHMKA.

4.55| TTycts O — UeHTp OIMCAHHOH OkpyxHOoCTH, H — opTouenTp
TpeyroasHika ABC. Ilpamasn OH uaspiBaercs npsiMoit Ditnepa. Ho-
KAKHTE, UTO TOUKA MEpeceYeHHd MeTHAIl JIEXHT HA NpAMOM Diurepa
H sennt otpe3ok OH B oTHomicHuH 1:2, cauTas oT To9kH Q.

4.56| JlokaxuTe, ITO panMyc OMMCAHHOH OKPYXHOCTH TPEYTONBHH-
KA, BEPUIHHAMM KOTOPOTO CILYKAT LEHTPL BHEBNHCAHHK X OKPYXHOCTEH
TpeyroneHika ABC, B aBa paza Gonblle paauyca OKDYXHOCTH, OIH-
caHHOU okoNo Tpeyronpimka ABC. '
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@ JokaxuTe, 4To PACCTORHMS MEXIY LIEHTPOM OKPYXHOCTH, BIIH-
CAHHOH B TPeYrONbHMX, ¥ UECHTPaMM BHEBMUCAHHBIX OKPYXHOCTEH Jc-
MATCA MOMONAM OKPYAIIOCTEIO, OMMCAHHOM OKOMO TPEYTONBHHKA (Teo-
pema MaHCHOHa).

@] HOKaXUTE, UTO LEHTPH OKPYXHOCTEH, OMMCAHHBIX OKOJIO Tpe-
YTQJIBHHKOB, OOHA W3 BEPUIMH KOTOPBIX COBMATAET C LIEHTPOM BHEBILU-
CaHHOM OKpyXHOCTH Tpeyronbanka ABC, a se npyrve — ¢ BepIINHa-
MH TpeyroasHuka ABC, Nexart Ha OKPYKHOCTH, OIIHCAHHON OKOJIO Tpe-
yronsruka ABC, a camu 3TH OKPYXKHOCTH HMEIOT OBILYI0 TOUKY, COB-
TMATAIOLIYIO ¢ UEHTPOM BAMCAHHOM B TPEYTONIBHUK ABC OKpyXHOCTH,

4,59| Touxu A,, By, C| nexar Ha croponax BC, CA, AB Tpeyronn-

nuxka ABC. Ooxaxwure, uro otpesku AA,, BB, CC) ncpecckaorca

B OMHON Toyxke TOrNa M TONLKO TOIa Kbma AC, B4, CB 1
YKE T A . ' . =
: ClB A 1C B 114 '

(reopema Yesm),

4.60| Otpesku A4y, BBy, CC}, COSRMHSIOME BEPLLAHLI TPEYIO/b-
HuKka ABC ¢ TOYKaMH, JIEXAIWMKM HAa TNPOTHBONOROXHLIX CTOPO-
HaX, TiepeceKkaorcd B Touke M, Jnn xaxoit Touxn M r[pousnc.ue}me
AC| - BA, - CB, Gyaer MakcuMansHem?

4.61 | JoxaxHTe, 4YTO APAMEIE, COSOUHAIOIHE BEPIUHHE TPEYTONL-
HUK3 ¢ TOUKaMH KaCaAHUSA BHCBIIMCAHHBX OKpjﬁKl{OCTCﬁ Ha NPOTHBOIIR-
JIOXHEIX CTOPOHAX, MEPECceKaTed B ONHOK Touke (Touka Harenn).

ﬁl ITpsimpie 44, BB, CC), cocanunsOIue BepILMHB TPEYTOIb-

HuKa ABC ¢ TOuKaMH, N€XKaIIHMH HA MPOTHBOTIONONKHEX croponax
nepecekarres B Touke 0. Joxaxure, 9ro:

a) 04,y + OB, N ocC)

A4, BB, CC

0A OB ocC

6) A4, + BB, + oC, = 2 (TeopeMa JKeproHHa).
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ﬁl B mpeyroneiuke ABC O — LEHTp ONUCAHHOM OKDYXHOCTH,
H — oproueHTp. JoKaxuTe, IT0 eCiM 1eHTp J BIMCAHHOMK B TPEYTONE-
HHK ABC OKpyXHOCTH JEXMT Ha orpeake OH, TO 3TOT TPEYrQILHUK
PABHOOEADCHHBIM.

4.84| Touka, W3 KOTOpOH BCE CTOPOHBI TPCYTO/BHHKA BUSHBL HON
yraamy B 120°, Ha3mBaerca Toukoit TOppMYE/LIH ITOLO0 TPEYTONbHUKA

(cM. 3amauy 1.39). Hoxaxmre, ¥ro ToYKa TOPPHYEUIH TPEYTONBHUKA
JIEXHT Ha OKPYXHOCTH, ONMCAHHOH OKONO BHYTPEHHETo TPEYIONbHAKA
HanoncoHa 3roro TpeyronsHuka (oM. 3anady 1.44).

4.65| Ha croponax Tpeyronsiika ABC BHE €10 OCTPOSHHI Npa-
BWIBHEE Tpeyrombwiikie ABC,, BCA,, CAB,. Touxu 4;, B;, C; —
cepenuHu cropon BC, CA, AB; touxu A;, B3, C3 — cepeIHHB
B|C|, ClAl, .4131. JIOKB)KH’IB, 47O )
a) TpeyramsHuka A, 8,C;, B;C3 43, €y Ay By ARIAIOTCS NPAaBHILHBIMM;
0) 4143 = BBy = OhCs;
B} npaMbie Az;A3, BaB;, C2C; nepecexaloTcs B ORHON TOUKE;
T) mepneHAnKyispbl K AB, BC, CA, npoxomauiue yepes Touku C3,
Az, B3 COOTBETCTBEHHO, NEPECEKAKITCA B OXHOU TouKe.

§ 2. 3aaaym pna CaMOCTOATONLHOIO peLeH1s

1. JokaKHTe, Yro GHCCCKTPMCH TPEYTOJIbHMKA TIEPECCEKAKOTCA B OA-
HOMA TOYKE, KOTOpas ABISETCH UEHTPOM BLUMCAHHOM B 3TOT Tpe-
YTOILHHUK OKPYXKHOCTH.

2, JloxkaxuTe, YTQ cepeIWHHEIE MEPHEHARKYNIAPLEL CTOPOH TPEYTOJIb-
HFKA IEPEeCeKaTCs B OOHOM TOYKE, COBIANAOIUE} ¢ LEHTPOM
ONKCAHHOMA OKOJIO 3TOT0 TPEYTOIbHMKA OKPYAKHOCTM,

3. JokaxuTe, yro MelHaHB TPeYroNsHUKA MEPEeCEXaloTed B OXHOR
TOYKE, KOTOpas JCTHT KAKAYK MEIMAKY B OTHOIDEHKHH 2.1, ¢aomTast
OT BEpUIHHbI.

4. IlpH mepeceyentM BHICOT TPEYTONEHHKA 00pa3yeTcs TP Maphl paB-
HHIX BEPTHKAIBHBIX YrA0B. JIOKaxHTe, YTC 2TH VIR PABHE YIMaM
TPEYTONBHHKA.
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5.

6.

10.

11.

12,

13,

14.

JoKaxuTe, RCMOARIYA PEIVALTAT 3a0a4K 4.4, YTO BLICOTH TPEYTONIb-
HHKa TMICPECCKAIOTCA B OD.HDﬁ TOYKE.

JaH TpeyroneHWK, KOTOphIH niogolier croeMy OpTOUEHTPUYECKO-
MY TPEYTONbHUKY. JIOKaKHTE, MTO YIIBI 3TOTO TPEYTOMBHHKA THOO
paBHEI, THOO 00Pa3YIOT TEOMETPHUECKYIO NPOrPeCcCUIo.

JlokaxXeTe, ¥TO BEICOTHE! TPEYIOJIbHHKA NIEPECEKAKOTCA B OOHOM TOY-
Ke, HCMONBAYA Pe3yNETaThl CAEIYIOIMX 3a0ay NTaHHOTo maparpada:
1) 3agauu 4.8 6);
2) 3apaum 4.9.
Jlokaxure, 4T0 BUCCEKTPUCH BHYTPEHHErO M BHELLHEIO YITIOB TIPH

BepmuHe C TpeyronbHRKA ABC paBHE TOTIA M TOJLKO TOTAA,
Korga |£ZA — ZB| =90°.

. HaH tpeyronsuuk ABC. H:mecmo, qaro 6uccekTpaca C'C) BHYT-

PEHHETO yIvia npH BepiriHe C papHa Guccektpuce C'Cy BHEUIHETO
Y714 TIPH TOM xe BepiiuHe. Moxer au npsimass CB 6uth 6uccex-
TpUcoh yrna C,CC,?

JoXaxuTe, YTO PacCTOSHHME OT BEPLIMHEI TPEYTOILIIHKA IO €0 Op-
TOLEHTPE PAaBHO YABROEHHOMY PAcCTOSHMIO OT UEHTPA ONHMCAHHOM
OKPYXHOCTH 3TOIG TPSYTOJBHMKA A0 MPOTHEOIKUIOKHONA CTOPOHHI.

TpH HOMAPHO TIEPECEKAIONINECH OKPYXHOCTH OJIHOTO W TONO K
pagdyca TIPOXOIAT uepes OOHY OOLUYK TOYKY. JOKAKUTE, YTO 3Ta
TOYKA ABIAETCA OPTOLEHTDOM TPEYTOIBHUKA C BEPLIMHAMM BO BTO-
PHIX TOYKAX MOIAPHOro MepeceveH sl JAHHEIX OKPYXHOCTEN.

Han tpeyromermk ABC, H — ero oprouentp, O, Oy, Os, O3 —
LIIEHTPH OITHCAHHBIXN OKpYXHOcTe!t TpeyronsHukos ABC, BCH,
CAH, ABH. Joxkaxure, yto orpesku OH, AO,, BC,, CO; ng-
PECLKAIOTCH B OJIHOM TOUYKE 4 ACNSTCH B HEH MOIIQaM,

Meauana 1peyronsiiika ABC, nposenenHas k cropone AB, paBHa
PACCTOAHMIO OT LIEHTPA ONMCAHHOH OKPVXIIOCTH IO OCHOBALNMA BBICO-
ThI, OIYLLIEHHOH M3 BeplIMHL! C'. Jokakute, yto |/ B — ZA| = 90°.

JoKkaxnTe, YTO pPaccTOSHKE OT BEPHIMHBI OCTPOYTONBHOTO Tpe-
VTONGHHUKA 10 er0 OPTOLEHTPA PABHO TIPOTHROTIONOXHOHN CTOPOHE
TOTJIa W TONRKO TOT/(A, KOIKA YIOJ TPH 3TOi BepuuvHe paseH 45°,
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15.

16.

17,

18.

19.

20.

21.

21,

h
-cTeil. MoXeT I DHIONHATLCS PABSHCTBO 7= —?

Joxaxure, uTo TO4MKa M, nexaman BHYTpH TpeyransHuka ABC
ABNASTCH TOYKOM NMCPCCEYSHMs S0 MCIYAH TOLAA M TO/BKO TOrIA,
Koraa tpeyromehucu ABM, BCM, CAM pasnoBemxy.

HaH TpeyronbHUK ABC, O — UEHTP OMHCAHHOW OKOJO TPEYTONb-
wuka ABC okpyxHoctn. JokaxuTe, 9To Touku A, B|, C| cum-
MeTpuuHBe Touke O orHocuresnsHo cTopon BC, AC, CA Tpe-
yTOIbHHKE ABC, 9BASIOTCA BeplIMHAMY TPEYTOJIbHHMKA, PABHOIO
TpeyronsHUKY ABC, npuyeM cTOpoHs TpeyronsHuka 4,8,C) na-
PAIICIBHEI CTOPOHAM TpeyronbHuka ABC,

Jokaxure, 4To TpeyroabHUK AQOB, tae O — UIeHTp OITMCAHHOM
OKONO TpeyroabHiKa ABC OKpYXHOCTH HBAACTCH TIPAMOYTONB-
HBIM TOTZA ¥ TONEKO TOTHa, Koraa ZACB = 45°.

MoxeT MM LEHTP OMMCAHHOW OKPYXKHOCTH Tpeyroapmmka ABC
NexaTk HA eTo:

a) CTOPOHE;

) BHICOTE;

B) Guccekrpuce;

) cpeaHed JTHHAH?

Joxaxute, 4TO B NIPAMOYTONLHOM TPEYIOJILHHUKE MEIHAHA U BBI-
COTa, TIPOBEACHHEIE H3 BEPIIWHE TIPIMOTO yiia, 06pasyloT paBHble
YLIbL ¢ KATETAMM.

B tpeyronsuuke A BC nposeaensl Menuanw AM,, BM;, v BricoTa
CH5. JokakuTe, 4To eCcad Tpeyroaeuuk M AL H; npaBUIBHbIH,
TO MCXOAMELA TpeyroubHMK ABC TakKe TIpAsHIBHHIA,

Brimcannas okpyxHocTh TpeyroasHuka 4 BC kacaercd ero CTopoH
BC, CA, AB B Toukax A, B, C) coorsercTBeHHO. J{okaxure,
YTO OPTOLSHTPHYECKH TPeYTONBHHMK TpeyroabHnka A;B,C mo-
nobeu Tpeyronnimky ABC.

B mpeyronnuuxe ABC onmH u3 yriop papeir 60°, A M { — BEICOTa

¥ GHCeEKTpHCa, MPOBEACHHBIC W3 OJHOM BEPIIIMHEI 3TOT0 TPEYTOAh-
HHK4, I 1 B — pajinychl ero BIIUCAHHOH W DIIMCAHHOHA OKPYXHO-

2
R
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h 2
23, MoxeT A1 BEINOTHATECH PABCHCTRO 7 = 51 18 paBHOGENpEH-

Horo TpeyroabHUKa? (OGO3HaueHns CM, B OpeaslIylleH 3amaye).

24, Noxaxmre, gTo TpeyromHuky ABC, ABH, BCH, ACH, rne H —

OPTOLIEHTP TPeYTONBHHKA ABC, MMeloT of1Iyio OKpyXHOCTE Je-
BATH TOYeK (Teopema TaMunaxrona).

235. Brpeyronvimke ABC I — uenTp BIMCaHHOM OKpyXHocT. Oxona
TpeyromsiuxoB ABI BCI, CAT onucanm OKpYyXKHOCTH. JIoKax-
Te, 9T0 LEHTPH 3THX OKPYXHOCTEH NeXaT HA OMMCAHHON OKpPyX-~
HOCTH TpeyroibHMKa ABC, a T09KH 9THX OKPYXHOCTEH IHaMET-
PaJIbHO TIPOTUBCIIONOKHBE TOUKe I, ABAL10TCS HEHTPAMU BHEBIIM-
CAHHEIX OKPYXHOCTEH TpeYrolbHuxka ABC.

26. Ilpn nomougi TeopeMbt YeBH, AOKaXMTE, YTO:

8) MEIHAaHE TPEYTONBHUKA MEPECEKAIOTCH B OIHON TOUYKE;

6) OHCCEKTPHCH BHYTPCHHMX YITIOB TPEYIOJIBHHKA NEPeceKaroTcs
B OIHON TOUKe;

B) BBICOTHI TPEYTONBIIMKA TIEPECEKAKITCA B OIHON TOYKE;

T) NpsAMBIE, COEAMHAIOMNE BEPUIMHAL TPEYTONbHHKE ¢ TOYKAMH
KACAHMA BNUCAHHON OKPYXHOCTH, IEPEcEKaloTca B OOHOK
Touke (ToMKa JXKeproima).

§ 3. OrBeTbi. V'Kasauuu. PeweHnna

4.1. Ffleproe pelucxme.

T A0oKa3aTeABCTBA YTBEPXKUCHMA 3a4a4YH JOCTATOUHO PAcCMOT-
PeTb OCTPOYTONEHBIN TPEYTOMLHMK ABC, Tak Kak I TYTIOYTONBLHOTO
TpeyronsHuKa AHB (puc. 84) Touxa C smndercs TouKo#H Tiepeceye-
HUA BRICOT, OTKYJA CAEAYET, 910 BHICOTH TYIOYTONBHOIO TPEyTroibHH-
xa AHB nepecexaloTcsi B OAHOMK TOUKE TOIAA H TONLKO TOrma, KOTEA
TepecexaloTes B OMIOH TOYKE BHCOTHI OCTPOYIONBHOIO TPEYTObHI-
xa ABC. ViposeseM yepe3 BepluuHH TpeyronbHuka ABC npasbie,
NapaLTEAbHBIE CTOPOHAM, TIPOTHBOTIONOXHBIM 3THM BepinHHaM. Toy-



§3. Oraerat. YkazaHuRr, Pelenns 155

c

M,
B,

Puc. B84

KM TIEPECeYeHHA 3THX TIPSAMBIX SBISIOTCS BEPLUHHAMM TPEYroibHHUKa
A2B,C; (puc. 85). Tak kax Touku 4, B, C — cepenunst cropor B,C),
C,4,, A, B, Tpeyronsnuxa 4,8,C,, To npamsie A4,, BBy, CC, asna-
I0TCA CepeIMHHLIMU TEPNECHAMKY/IAPAME CTOPOH STOIO TPEYroO/LbHUKA
U, CAEHOBATEILHO, TICPCCEKAKTCS B OTHON TOUKE.

B, . ¢ Ay

A

B,

9J?-T:

Pnc. 85
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Bropoe pewenue, Ilycts Touxa M nexur wa pricore CC, My u M; —
OCHOBAHWS IMEPNCHAMKYAAPOB, OMYUICHHAX U3 TouKH M Ha CTOPOHbL
AC n BC (puc. 84). Torma

MM, cosd

MM, =CM -cos A, MM,=CM - cosB, = .
! o8 2=C MM, cosB

O6partHo, ccnu
MMM, cos A _ cosa

MM, cosB cosB’

Tag
a=/M\MC, B=/MMC,

TO, TOCKONBKY
a+f8=A+B, a=A u ZMCM=9%°'-4,
OTKYAa CHELYET, YTO
LCCLA =90,

Taxum 06pa3oM, MBI TOKa3a1M, 4To BeicoTa C'C) ABISETCI TeOMETpH-
YECKHMM MECTOM TOUEK, QTHOLWIEHHS paCCTOHHH_ﬁ 0T KOTOPRIX 40 CTOPOH
AC u BC nocTOAHHO ¥ paBHO

cos 4
cos B’

AHATOTHIHOE VTBepXKICHHE CIOPAaBEelTHBO H JUIA BHcoT A4, u BB,.
Ilyers H — Touxa nepecevenns suicot A4, u BB,. Torna

_ B\H cosC
B\H HC, cosB _ cos4

HA, HA, ~ cosC  cosB’
HC, cod

T.e. Touka H NpHHALIEXMT Takxke BHCoTe C'C); X BCE BHICOTHI TpE-
yroneHMKa ABC TIepeceKalnTCa B 3TOA TOUKE.
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C

A C, B
Puc. 86

4.2. Pewenue. IlpamoyroabHuie Tpeyroneuvku 4,4C u B, BC no-
nobubl (puc. 86), Tak kak yron B, CA; v HuX o6LIHIA, MOITOMY

A€ AC

B,C  BC’
OTKyna cneayer, uro TpeyraibHuxy B1CA; H ABC noso6Hu. AHAIO-
THYHO DOKAa3BIBAETCH MOA00HEe OCTANBHHX TPEYTONLHHKOB.

4.3. Orsev, 180° — 24, 180° — 2B, 180° - 2C.

Ykasaumwe. Bocnonb3opaTecs pe3ylbTaTaMu Npeapayiiei 3aJauH.

4.4. Pewenune. TTokaxeM, 4To Brcota CC, sBaserTcs: GHccexTprcoi
yrna B,C\ A, (pﬂc.86_). Tak Kax

£B1C A = Z4/C\B = LACB,

TC
LCC\By =9° — £LB\C14A =90 - LA,C\B = A,C\C,

T. &. Bcora C'C) menur momomam yron B C|A;. AHanoru4Ho noka-
3MBAETCA, YTO BuCOThl AA, u BB, 4BNAKTCA GRCCEKTPHCAMU YIJIOB
A\ u B, Tpeyromeiuka 4,8,C;.
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H
B)

A

A Ci B
Puc. 87

4.5.. Pewenue. IIycrs Bucorel A4;, BB;, CC) tpeyronbHuxa ABC
nepecexawrca B rouxe H (puc. 87). Torna tpeyronstiuk ABH octpo-

yroseHEH, HalifleM yTer 3ToTO TpeyronbHEKa. YIOCKOMEKY BAI L 44,
BB, 1 AB;, 10

éA]HB[ +£A[CB] =, ZAlﬂBl =T éAch'l =x—-C.
O6o3uaunm ZHAB = Ay, ZHBA = B,, ZAHB = C;. |
W3 Tpeyronsiukop AHB, u BHA, HaxoinM
' x
LHAB = ZHBA =7 -~ (1~ C)=C -7,

[OFTOMY

4; = A+C-—5, By = B+C_E

Henoneays GopMynsl ZJs YTIOB OPTOLIEHTPHYESCKOTO TPEYNONhHMKA
A1 B,C, octpoyronpHoro TpeyroisHuKa ABH (CM 33134y 4.3), no-
Tyuer

Ci=r-2C=n-2-(r=C)=2C~m,
Al=1r—-2B;=1r—2-(B+C—%) =2m—2-(r—A)=24
L m
Bi=7-24;=1-2- (A+C—E) = 28.

Hrak, ' .
A| = ZA, Bl = 23, C[ =2C -1,
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4.6. Poweanne., PaccMOTPHM CHayata Cryyait OCTPOYTONBHOIG TpE-
yronsHuka. Torma A =1 — 24, By =7 - 2B, C;, = — 2C. Ecan
A;=4, B=8,Ci=C,10

A=B=C=12

| 3’
IIpexnonoxuM tenepp, o # — 24 =B, 7 -2B=C, 7 - 20 = 4,
OTKYIna . '
*=B4+2A=C+2B=4+2C u 24=B+C,
2B=A+C, 2C=A+B.

BrIuTeM M3 IEPBOIG PaBeHCTRA {3 IIOCACIHUX Tpex) BTopoe: 2{A—B) =
=B - A, 3(A-B)=0, 4 = B. Ho 13 noC/eiHEr0 PaBeHCTha

A+B 24
C=——=7=4
Hrak,
T
A=B=C=7.

Cayyalt # — 24 =C, n — 2B = 4, m — 2C = B, ouesunyo, npu-
BONMT K TAKOMY 3X& pe3vabTaTy. TeM CcaMBIM YCTAHOBISHO, 9TC CpEIH
OCTPOYTONEHBIX TPEYTONMBHUKOR TONRKO MPAaBWITEHEIN TPEYTONRHHAK VI0-
BNETBOPAET YCJAOBHK 3aJauu. B ciiydae TYNOYIOABHOIC TPEYTOABHMKA
A =24, By = 2B, €y = 2C — & (cuauraeM, yto yron C' Tynoii),
IO3TGMY
20~-r=A4, 2B=C, 24=B,
OTKY[a CHEIyeT, YTO
C=2B=44, 2C-n=8A-n=4, 7A=mn,
T 2r 4
A== u B=24=—, C=44=—.
7 7 7
HTak, OKOHYATCNRHO NQIYYaeM, YTQ HCKOMBIA OCTPOYTONBHBIH Tpe-
VIQJIBHUK — IPABIWILHBIA, 3 VIVl TYIOYITOALHOIO PaBHEl
T 2

47r
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B c
A
H
d
A H, /B
) C, ’

Pnc. 88

4.7. Pewenne. PaccuorpuM npaMoyrosibiaie 1peyronbivkn ACH; H
ABH); (puc. 88). Tak kak yron CAB pouonuser yoi ACH; u ABH,
IO TIPSIMOTO, TO

ZABH, = LACH,,

Ho LACH; = ZABC(|, KaK BITACAHHEIE, OTTHPAKOIITHECH HA OIHY H TY Xe
nyvry AC, nostomy
/H,BA = ZABC,.

Tlockoneky CH3 L AB, To orcioma cneayet, uro HHy, = H,C), T.e.
Togka C) cuMmerpiriHa H oTHocuTeabHO AB. Tak %¢ JOKa3bIBACTCA,
qT10 TOUKY A; ¥ B chvmeTpuynn H otHocutensdo BC u AC,

4.8, Peuienme,

a) W3 pesynbTaTa Mpeapliywie 3ana4u Boirexaer, aro Hy, Hy, H; —
cepenuHyl oTpesxkos HA,, HB,, HC, (puc. 89), TiosToMy OTpe3KH
H H,, HyH;, HiH, saaswoTes CpeAHHMA THHRIME TPEYTONbHH-
koB 4\ B\H, BiC\H, C:\A\H v HH || A1B,, H,H; || B|C,,
H:H, || C1A4,, otkyna cnemyeT moaoGue Tpeyroanimkor 4, B;C,
u H HyHj3 ¢ xoadduumuenrom noposia paBHbiM 2.

0) Tak Kak BEICOTH OCTPOYTOALIIONO TPEYTOILHHKA ABILIOTCA BUccex-
TPUCAMM €r0 OPTOLIEHTPHYECKOTO Tpeyronsuuka Hy Hy Hy (oM. 3a-
aady 4), a CTOPOHBI TPeyroAsHHKa 41B(C| COOTBETCTBEHHO Ia-
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Puc. _89

pajLie/bHbl CTOPOHAM Tpeyronbhuka HH,H3 (puc. 89), To BhIco-
TH TPeYroAbHuka ABC sansores GUCCEXTPHCAMH TPEYTONEHUKA
A, B .C,.

4.9. Pewenwe. Tak xax Touxkw H u ()| CUMMETPITYHEI OTHOCUTCBHO
cTOpoHE AB Tpeyrofbhuka ABC (cum. sazady 4.7, puc. 88), To Touka H
JIEXHT HA JVIE OKPYXHOCTH, CUMMETPHYHOHR ayre AC) B OKPVXHOCTH,
ONHMCAHHOK OKOTO TpeyronbHuka ABC, mO3TOMY pamHychl OKDYXHO-
CTCH, OTIMCAHHBIX OKONO TPEYTOMLHUKOR ABH ¥ ABC papHbI. AHAIO-
THYHO JXOKAa3hIBACTCA DABEHCTBO DAJMYCOB OKPYKHWOCTEH, OMMCAHHEIX
oxoso TpeyroneHnkos BCH, CAH u ABC.

4.10. Pawesune. [lycth O — LeHTp ONHCAHHOH OKPYXHOCTH Tpe-
yronvHuka ABC, 03 — ueHTp OKPYXHOCTH, ONHCAHHON OKOJIO Tpey-
ronbHUka ABH . Tax Kak paqmychi STUX OKPYXHOCTEH paBHb (CM. TIPEIbl-
JYLIYHO 3a8a9y), TO 4eThipexXyronbHik AQ3;BO — pomMb, nosToMy

00, LAB u OM = MO,

B 4ernpexyronsuuxke OQ3HC wmeem OO, || CH, OsH = OC = R.
Takem 0Opa3soM, TOT YETHPEXVIOIBHAK MOZKET OBITh JINGO ITapa/LIeno-
rpamMMoM, 1ubo paBHOO0uHOR Tpaneuuei. ITocuenHee mpeanonoxeHue
OTHAJALT, ITOCKOILKY CepeIMHHBIH ncpn_eﬂ.mmsip MB x ctopoHe OQ(h
He nepecekaeT BTopyio cropony CH yethipexyromermxa OO HC.
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Htak, OO,HC mapaynenorpamm n 003 = CH. TpeyronbHux
ABC na puc. 90 — ocTpoyroibHbiii. YOeEHTECH CAMOCTOATENBHO, YTC
YTEEPXAEHME 331a9H BEpHO H B CIYIAE TYIIOYTONBHOIO TPEYTOABHUKA.

4.11. Peuienne. TTocxonsky Touku P H P, H u Hj cuMMeTpHIHN
otHOcUTeNEHO AB, 1o otpesxn PyH u PH; nepecekaiorcs B T04-
Ke T, nexameit ua AB (puc.91). M3 pasesctea Tpeyronbuuxos AHT

Puc. 91
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u AH,T mutekact pabercTno ymos AHP; u AH;P, Ho
LAHP, = ZACP
KaK BITACAHHBIE, OIMPAIOIIMCCH HA ONHY U Ty XKe AyTy. AHaTOrHYHO,

LAHP,— ZAH,P = ZACP = LAHP;,

LZAHP, = ZARP;

H To4kK. Py, Py, H snexar Ha opsoi ipaMoi, TouHO TaK Xe JA0Ka3biBa-
eTcs, YTO TOMKH Py, P;, H nexat Ha onHOA GPAMOH, OTKyAa CHEAyeT,
YTO TOYKH P, P53, P; nexar Ha npaMol, opoxoaawel yepes Touky H.

4.12. Pewenve, PaccMoTpuM TpY cayuan: -
a) Tpeyronbhux ABC ocrpoyronsusii. [Iycts O — 1eHTp OnH-
caHHOH OKpyxHocTH, CD — BHcoOTa, OD) L AC (puc.92). Toraa
T
ZDCB = 3 £B.
Tpeyroneuwk AQC parHoGeIpeHHBIH,

.
£D\0C = 3 £COA = %(z,zB) = /B.

Puc. 92
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C

Pne. 93
IMoaToMy M3 mpamMoyroasHOre Tpeyronkbiuka C D)0 HaxoauM, 4o

£DyCO = % - /B = /DCB.

6) Tpeyroneruk ABC npaMoyrofbHsii (AACB = %) Torzna

ZACO = £DCB  {puc.93).

Tak kak croponst AC' 1 BC' aensioTca BRCOTaMH TpeyranbHika ABC,
a rumoTenysa AB comnanaer ¢ AwamerpoM AB, To paccMaTpuBaeMble
VIIH ¢ BEPIIMHAME B TOYKax 4 H B pasHn HymoO.

B) Tpeyromstmk ABC wnoymlmmﬁ (z:’ACB) %) . B 310M cny-

'jae LIEHTP ONMCAHKOM OKPY:KHOCTH JISXUT BHE TpPeyroibHuKa (puc. 94).
Vron AOB uenTpanpHuIH, onupalomuica va mry ACE, no>roMy

Z/AOB = LAOC + ZCOB = 2/ ABC +24BAC =
=2/B+2/A=2/A+ /B) =2(x - ZC).

Tak xak AAQOB paBHOGSIPEHHBN, TO

m—ZLAOB 7 -2m-Z2C) _,0-T

ZOAB = 3 3 3
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Puc, 94

ZOAC = ZOAB + Z/BAC = /C — % + LA =

T FORE 3
. +2C 5 =17 5=73

[Mockonsky AACO paBHOGeApeHHBIR, TO
£ACO = LOAC =2 — £B.
W3 npamoyroaprHoro ADCB mxoﬁM
ZDCB = g - £B = ZACO.
Ananorwaaa, ecnt AH L BC, 1o

4CAH:§;AACH=12'-(«-40)=.46—%=40AB.'

4.13. Yxazauue. [A — B|. CM. pemenre npeaslayes 3a5aqi.

4.14. Pewenne. flyets O — leHTp omucaHHoM oxpyxd{ocm Tpe-
yronsauka ABC (puc. 95). Q603HAYMM TOUKY MepecedsHUs TIpamoit A0
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Pne. 96

¢ oTpe3xoM HyH; uepes A,. PaccmoTpM rpeymwnx A AH;.B HeM
LA H A= /B (cm. 3amauy 4.2), ZAAH, = g —£C (eM. 3anauy 4.12),
NO3TOMY

3

LAAH) =7 — LAHA- ZAAB, =% — /C- G _ /_’C) =L
1.e.

AA; | BoH;,
[eprnenmukynapuocts BO v HhH,, CO n H H; noka3npaeIca aHa-
JIOTHYHO.

4.15. Pewenne. Coeannnm Touky O ¢ toukamu H;, H,, H; W pac-
CMOTDHMM NOTYYCHHBIE TIPH 3TOM YeTHDEXYTOILHHKY OH, AH;, OH\BH|,
OH,CH, (puc.95). IMaroHami KaxXn0ro H3 3THX YETHPEXYTOILHMKOB
B39HMHO NCPRCHAMKY/APHBI, NOITOMY IUIOLIAND KAXKAOND M3 HUX PABHA
TIGTYNPOM3BSACHUIO TUAroHaIeH;

Sassc = Soman; + Somsa, + Somcy, =

L 1 1 |
= ER'HQH;;-FER'H}H[‘FER'H]H;:
H H:H
-R. 243+ Hy l+Hle=R-pg.

2



§3. Ormere. ¥xaszavus. PELIGHUS 167

4.16, Pewenve. Coeuunnm touky O ¢ Toukamu 4,, By, C; (puc. $6)
H 0003HAMMM Vi MEXIY OUAroHANAMM MONYYEHHBIX YeThIPexyrob-
nukos OB AC,, OC1BA,, OA\CB, 4epea «, (3, ¥ COOTBETCTBEHHO.
Torna

Saasc = Sop,ac, + Soc,a, + Sas,cs, =
1 1 1
= -2-R- B,Csine + ER -CiA sing + ER <A Bysiny =
) B\C;sina+ C 4, sin B8 + A, B, siny
2

=R

=1I-pnm,
oTKyaa .
B\Cysina+ CiA;sin8+ 4,8, siny = 2py,
HO
B\Cisine + C1 A sind + A, Bsiny € B,y + Cil4d1+ 4B
144
2pg < BiC) + G4, + 4,8y,

T. €. TIEPUMETP MIOGOTO TPEYTONLHEHKA, BIMCAHHOIC B OCTPOYIOJLbHBLH
TpeyrolsHuk A BC He MeHBIIe IepUMETPa OPTOLGHTPUYECKOrS, OTKYAA
U CHCAYET, YTO OPTOLCHTPHUYECKHH TPCYTONBHHMK HMEET MHWMAITBHEIH
TIePUMETP.
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4.17. Pewenne. Tak kaK uernipexyronbHHK ABCQO pom6, T0
AB = BC,
T.&. ABC paBHOGeOpeHHMI, Aanee
' 1
RBR=04=AB=2RsinC, sinC= 7

C=A4=30°, B=120".

4.18. Pewenns. ITockomeky £B = ZA4+90°, to AABC 1ynoyroib-
MBI M ueHTp 0 ONMCAHHONM OKPYKHOCTH JICKHT BHE TPEYrOJIbHMKA
(puc. 97).

Hanee LOCD = /B — /A = 90° (cm. sapayy 4.13). OGosHa-
yuM uepes Touxy M cepeanuy croponm AB, torma OM 1 AB,
Tak Kax LieHTp OmHcaHHO# oxpy)mdcm AABC mexur Wa cepeiRvH-
HOM TIepTieHINKynsape K c1ropoHe AB. YuursBas 10, uto CD L AD,
¢ D — OCHOBAHHE BbICOTH, OITYIIEHHON U3 BepUiMHE C, 3aKNHOYAEM,
YTO YeTHIPEXYTONEHHK MDCO ABAACTCA DPAMOYIOILHHKOM, MOITOMY
MD = OC = R M 13 npaMOYTOJBLHOIC TPEYTOMbHEKa MDC Haxoam

MD*+CD*=CM* wmn R + hl -—-mi.
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O
Puc, 98

4.19. PeweaHua. [IpeamonoxuM, 4To BEINOIRAETCS YCIOBHE 3).

BriBemeM n3 Hero ocranbebie ycnosuda. Tak xak ZACB = 60°
{puc.98), To ZAOB = 120° KaK UEHTpPaJbHbIA yroa, ONHPAKLIMACH
Ha Ty Xe IyTy, yro H LACPH (ycnosue 1}). PACCMOTPHM YETLIPEXYTOMNE-
HUK AQ,BO, tre O — T0YKA NEPecedcHHs] CEPEIMHHOTO [IepreHA-

xynapa OM k ¢ctopoHe AB ¢ onucaHHOI! OKPYXKHROCTBIO TPEYTONEHHEA
ABC. Toraa

AO=00=BO=R n JAOO, = L0,0B = 60°,

nostoMy TpeyronsHukn AQ0| 1 ;0B paBHOCTOPOHHHE H YETHIPEX-
yroabiuk AO;BO — poum6. Tagum obpasom, Touxa Oy, nexamad
Ha OMMCAHHON OKPYXHOCTH Tpeyronbhka ABC, cHMMETpHUHA TOY-
ke () OTHOCHTENBHO cTOpPOHE! AB (ycnosHe 6)). Touka Oy, OYeBHIHO,
ABJIACTCA NEHTPOM QKPYKHOCTH OIMHCaHHEON 0X0.10 TpeyroibHuxa ABH
(vcnose e)). ' : '
TTockoneky oyt AQ B 1 AOB cCHMMETPHIHL! OTHOCUTEIBHO CTO-
pousl AB, 10 Toyka (J mEXHT HA OKPYXHOCTH, OITHCAHHOY OKOMO
tpeyronoHika ABH (ycnosue B)). LAHB = ZA0B = 120° Kax Brn-
CAHHEIE, QIUMPANIMIMECH HR OZHY W Ty Xe ayry (venoswe I)). Pamuyc
OKPYXHOCTH, omHcauHolt okono ACAH paseH R (cM. 3amauy 4.9).
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MooTomy
) 1
CH =2Rsin (90° - C) = 2Roos C = 2R - cos 60° = 2R - 5 = R,

T.¢. ACOH pasHoSenpeHHbIi (yernopue x)). Taxum oGpasoM, U3 ycio-
BAA 2) CTEAYIOT BCe OCTANBHBIE. '

ITpoBepsTe CAMOCTOATENBHO, YTO M M3 KAXKIOIO H3 YIOBUHA §)—X)
BHITEKAIOT BCE OCTANBHEIE YC/IOBHS.

4.20. Pewenwe. Tpeyromvauxn AH;H,, BH\H;; CH,H, nopoGHN
Tpeyrombauky ABC {cM. 3anavy 4.2), MOITOMY CTOPOHHE TPEYYOTTHHIKA
H\H>H; ofpa3yioT cO CTOPOHAMH Tpeyronbinka ABC' paBHME yINEL
Kaxagpiif 13 papHEIX YIVIOB TAKOM TIADH PABCH NPOTHBOMONOKHOMY yI-
. ny tpeyromsnuxa ABC (puc. 99). Ilycth Teneps 2 AABC Bnucan
AA,\B\C,, cropodn XoToporo o6pasyior co cropoHaMu AABC pan-
HEe yonsl (puc. 100). OGosHawmM 5TH YT 9epe3 o, B, .

Puc. 99 : Puc. 100

Torza, pacecmaTpusas Tpeyroibumky AC| B, C1BA, A,CB; Mox-
HO 3&I1McatTh:

ﬁ1+71=ﬂ'_‘4!
aj+mn=n-B,
a+f=r-C.
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CII0X1B 3TH paBEHCTBA, MOJIY4YHM
o +p+7m)=3"—(A+B+C)=3x —7n=12m,
OTKyAa
ar+fi+m =

BeluuTas DOYWIEHHO W3 3TOr0 PARSHCTBA YPABHEHMS 3AMTMCAHHOM BBINE
CHUCTEMbI, YCTAHOBUM, YTO :

a = A, (=B, n=0=C.

WTak, cropoHsl BMMCAHHOIO TpeyrofbHHKa A,8:C) COOTBETCTBEHHO
NAPANNENEHE CTOPOHAM OPTOUEHTPHYECKOTO Tpeyronbhnka HyH) Hj,
noaromy Tpeyronbiuku A, B Cy v H H;H; cosnanator. (Yoenurecs
B 3TOM CAMOCTOATENHHO. )

4.22. Pewenne, [Iycrs M — TOUKA nepeccucHMs MeJMaH TPEVIOlb-
nuka ABC (puc. 101). Ouycium H3 Touek M 1 € nepleHIHKYNIphl
Ha cropony AB, Torna .

CH CC;
&C]MM1 ~ AC]CH H ;MMI = ﬂ'—a- BN 3,
TOCKOIBKY
oM _,
Mc, 7

A ¢, M, qH B
Puc. 101
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oTKYZA
1 1 11 1
MM, = ECH, M Saamp = EAB'MMI = 'g'iAB‘CH s SSA"BC.

AHAIOTMYHO MGXHO IOKa3aTh, YTO

1
Sasuc = Saamc = SSAA.BC-

Tak kak Touxu 4, B;, C} — cepeauunl COaTRETCTRYIOUMK CTOPOH Tpe-
yronbuka ABC, 10

1 1
Saamc, = Sapuc, = ESMMB = ESAABC =

= Sapua, = Sasmc = Sacup, = Sap A

4.23. Pewenne, TTycts ] — IEHTp BITHCAHHON OKPYXHOCTH TPEYTOIL-
HuKka ABC (puc. 102). Torza AL BI, CI — 6uccexrpuch. Uz AAIB
HI2XOOUM

A B A+ B r—-C =« C
/AIB-W—E—E- T - 2 =TT - 5 —5-['-'5.
ToyHO Tax Xe HaXooHM

r A ® B

BIC=—~4+—, ZCIA = —-+4 —.

LBIC 2+2, C 2+2

c
4 B

Puc, 102
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4.24, Yxazanmne., Croponnl tpeyronshukos AB,C), BC1A,, CA B,
Nexalye Ha eTopOHax Tpeyromsiuxka A BC, arnswrcd oTpe3kaMit xaca-
TeJIbHbIX, MIPOBeNeHHBY W3 BEPULUH TpeyroisHuka ABC K BIHCAHHOM
OQRPYKHOCTH. CnenoBaTenbHo, OKPYXHOCTE, BITHCAHHASA B TPEYTOMbHAK
ABC, sipngerca olMcaHHON OKpYXHOCTBIO Tpeyronbiuka A, 8,C).

4.25. P_emeuue. CocnunuM LeHTp J BOWCAHHOM OKpPYXKHOCTH Tpe-
yronsHuka ABC ¢ BepIIHHAMH 3TOTO TPEYTOJIBHHMKA H ¢ TOUKAMH Ka-
CaHuA BITUCAHHOM OKPYXHOCTH ¢ ero cToponamu (puc. 103), Torua

IC,LAB u AI 1 B/C

(cM. 3apauy 4.246)), nostomy ZIC;B; = ZTAC, Kak YW ¢ B3a-

: A
HMHO NEPNeHIMKYIAPHLIMHE cTOpoHaMM, HO ZJTAC) = > TIO3TOMY

" éIClBl e % Ananormuno ZIC A = %. oTKysa

+

0

LB\ CLAW=LIC\B|+4IC /A=
M3 Tex xKe campix pacCyXICHHI BHIBOAMM, YTO

r A
LC 1A B) = 373

z&mQ=§-

B
A

A C B
Puc. 103
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C
(11
A c H B
Puc. 104
4.28. Nepeoe poweHne. 06oanayHM
L’:CC;A = a,

TOTAA
LCC\B=n—-a (puc.104).

Tlo Teopeme cuHycos s Tpeyroaphukos ACC, un BCC,

AC 4G CB. _CB _CB
sine” . C’ sin{(r—a) sina |, C’
2 2
Pa3neup DOWIEHHO IEPBOE K3 3THX PABEHCTE Ha BTODOE TIOMYIHM
4c_do
CB ~ CB’

Bropoe pewenns. [Mockonsky Tpeyromsuuxky ACC) u BCC, umeor
obuiyio seicory CH, TO OTHOWCHME TIOWANCH ITHX TPeyrOMhHHKOB
PaBHO OTHOWEHHIO uX ocHoBaHui AC; u C\B;

Saace, _ AC
Sapce, B
C npyroit cTOpOHE!
1 C
—AC- Ssin —
Sasce, _ 2 C-CC S 3 _Ac
Sascc, ECB-CCl-sin—C— CB’
2 2
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O3TOMY
AC  ACG

CB  C\B

Tpemse poiuenue. IIpoBeneM uepes pepluvHy B napavienbHo 6Hccek-

tpuce CC)| 10 TIEPECeyYeHna © NponokenueM ¢Topossl AC B Touke D
(puc. 105). Torma

AC, AC
- AACC, ~ AADB CB_CD
Tak xak CC, || DB, 10
£C\CB = £CBD,

HO :
| LACB =2 /C,CB = /CDB + ZCBD,
0TKYOR

| ZCDB = £C\CB = ZCBD,
T.e. ABCD pasnobeapernwit u BC = CD nostomy

AC,  AC _AC
CB CD_CB

Puc, 105
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1

2Ac-CB~smc=%absinC.

4.27. Pewenue. Saspc =

C npyroif CTOpOHEI,

1 ¢ 1 C.
Sassc = Sasce, +Saces = -2~AC CCy Sin-"é' + ECCI - CB - sin 7

[16)171

1 Cc 1
‘2“1.3((1 + b) sin 5 = Eabsm C.

U3 rtocnemHero papeHCTda MOXHO HaTwi {,:

. C C -
. absinC _ZabsmEcOS3 2aboos_3
c— — —4
C
(a+B)sin = (a+b)sin% o+b

4.28. Pewenne. a) Taxk kax AHB = 120° (cM. samagy 4.19 1)), 10
U3 Beex ToueK yTH AHB OKpyXHOCTH, OIHCAHHOW OKWIO TPEYrojb-
mnka ABH cropora AB BuaHa nox yrioM 120°. IoaroMy moctaTouyHo
moxazare, ura ZAIB = 120°, Ho

ZAIB =90° + g =90° + 6% =120° (cm.3amauy 2.23).

6} W3 npsavoyromeHoro Tpeyronbunka AH;C (puc. 106) HaxoxuMm
LCAH, =90° — LZACB = 90° — 60° = 30°,
TOTaa U3 NpAMoyTonabHOoTo AAH, H HaxomuM |
ZAHH, = 90° = 30° = 60°.

Tockonbky ZAHB = 120°, To yrmonas Mepa ayrk AHB pap-
Ha 60°. Touxa () — LEHTpP onUcauHo# OKpyxRuoeTH AABC, ona lexur
Ha CEpeHHHOM NepneHamKyispe OM x cropoe AB U Ha OKpY>RHO-
CTH, onucaHHod oxkono AAHB (oM. 3agauy 4.19 8), noaromy O —
cepeauta nyrd AHB u ZOHA = 30°,

B) Tpeyromeuuk COH panuobenpenmmii (cM. aapauy 4.19 x)),
a ero Gokoruie croporst CO -w (CH . o6pasylorT paBHbIE YITTH CO CTO-
poraMu AC u BC tpeyronsuuka ABC (oM. zanawy 4.12), nosromy
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a) 0)
Puc. 108

6uccekrpuca CT yma ACB simpieTed Takxke BuccekTpucoit yrna QCH,
T. €. OuccekTpucol yrna npu BepwuHe C paBHoGeapenvoro ACOH
(CO = CH), orxyna caenyer, uro CI L OH.

1} OBo3HaunM ToYKU Nepeceucuus npameix OH u CI, OH u AC,
OH u BC vepes I, Ay, By cooteercTBeHHO (prc. 106). Toraa CI; sin-
NAeTCH OTHOBPEMEHHO GHCCEKTpUCOI H BRICOTOl TpeyronsHuka 4,CB;,
NO3TOMY 3TOT TPEYIILHHK PABHOGEIPCHHBIN, a TaK Kak ZA,CB, = 60°,
TO OH ABJIACTCA MPABHIBHBIM,

4.29. Ykaszauwe, a) Hcoons3asars ToO, 4YTO

éACC] = éC} CB (DHC. 107)

c :
6) Pemenne. LABP = LACP = 7 XaK BIMCAHHbE, OTHPAIONHECH

Ha OHY U Ty Xe siyry AP {puc. 107)

B
ZIBA== u ZIBP=/IBCi+/CiBP = B_“;_C,
HO By
£CaB =225

KaK BHEUTHHIY yron TpeyronbHuka BCT,
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P
Puc. 107 Puc. 108

Wrak, tpeyranbHUK BIP paBHOOCApEHHMA. AHANOTHYHO KOKa3ki-
BaeTcH, YTO PABHOOSIPEHHLIM ABIACTCA H TPEYTonsHMK PIA.

B) Viazamme. JlaHHOE YTBCPKACHHE CREAYST M3 TTYKTOB 8) ¥ 6) 3TOH
3ajaaH.

4,30. Powenne, ToCKONLKY BHCOTA TPSYTONBHIKA, OMYIICHHAA H3 He-
KOTOpOl BepIIMHBL TPEYIONBHHKA H PAOHYC ONUMCAHHOH OKPY:XHOCTH,
00pasyloT paBHNE YIMAL CO CTOPOHAMM TPEYTONLHHKA, BHRIXOZALIMMH
H3 3TOi! Xe BEPIUIMHN (CM. 3a1a4y 4.12), To H3 YCIOBMS 3a/a4H CIIEyeT,
TO UESHTP OTHCAHHOH OKPYXHOCTH JICKUAT Ha MeanaHe CM. Tak Kak
TPeYTWIbHUK ABC No ycnoBHIO HEpaBHOOEAPEHHHN, TO 3TOT LEHTD
COBNAgaeT C cepenHHok M cropoHsl A8 (puc. 108), MOCKONBKY OHa
ARMACTCS TOYKOM MepeceyeHHA CEPEANHROIO HEPNCHANKYNAPA K CTo-
pore AB u mezuanbl CM, a 310 M 03HA4aeT, 410 Tpeyroibuuk ABC
NPSAMOYTOJBHBIA.

4.31. Pewenue. Coenuium Touku O u € (puc. 109}, rorna
0C, 1 AB. _
OmnycTM 13 Touky ¢ neprenmukyasp CH Ha aponomkenne AB, Toraa
CHI||OC, n ZOCH = £COC, = %",
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P1 M

Puc. 109 Puc. 110

Ho ZOCH = |£ZB — ZA| (bM. sanayy 4.13), nosromy
|£ZB — £LA| = 90°.

4.32. Pewenne. Ilycte M — cepemana croponn BC, C; — Touxa
nepecedeHnst NPAMEIX CO 1 AB, P — npavex CH 1 OM (prc. 110).
Iipsmaa PM re moxer OMTh napaniensda AB, Tak xak B 3T0M CIIy-
gac T09ka (O OGhuia On cepenuHoil CC), 410 HEBOZMOKHO, TAK KiAK
w3 AAOC, umeeMm:

CO\ < A0 =R =CO.

Orciona caenyet, yro cepenuHa P seicot CH nexwr Ha otpeaxe CP.
PaccMoTpuM tpeyroabuuk OPC'. B Hem

LOCP =£B— LA =80"—40° == 40" (cM. 3amaqy 4.13),
_ LCOP =9%° — LZOCM =90° - 50° =40°,
TaK XaK '
/HCB =9%" ~- ZHBC =9%" - 80° = 10°,
LOCM = Z20CP + AHBC =40" + 10° = 50°.

Taxym obpazom, AOPC pasnobenpenunss, u OP = CP. lIna toro,
91006 YCTAHOBATE, ABIAETCA M TPEYTOMLHNK COH TipAMOYTONGHEM,
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JOCFATOYHO CPaBHUTE IIWHE otpeskor UF v OF, (TpemiImmx COH
TIPSMOYTOITBLHLIA, TOIJA M TO:ABKO Torna, koraa C' P, = OP), MOCKONLKY
P, — cepeqwna CH). Tak Xak Py nexuT Ha otpeske CP, To

CP, < CP = OP,

HO B TpeyroneHuxe OPP; ZOPP; > %0° KaK BHCWMMH Yrom mpamo-
yronsHoro APMC', noaromy

OP, > OP =CP > CP,.

ldtak, CP, < OP, u to4ka O JEXHAT BHC OKPYKHOCTH, THOCTPOCHHOM
na CH Xak Ha ouamerpe, T.e. ZCOH < 90° 1 ACOH oCTpOyronGHEIL.

4.33. Pewenue. TIpeanonoxaM, yro B 1peyrosnuke ABC ZB> ZA,
CM — wmemuana, CC; — Ouccexktpnca, CH — BHcota (puc. 111).
Torna

AC, AC

Lo 51 (em. 4.26).
C.B CB> {¢M. zamauy 4.26)

- ITosroMy Touka C; npunaanexur orpesky MB. Jlanec aMeeM

Z
(4A+ %) + (LB+ —;) =/A+ 7B+ /C = 180°.

Tpeyromsumx ABC Hepanﬂoﬁenﬁemm, TO3TOMY

Tak KaK ZA < /8.

A MC H B
Puc. 111
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U3 AACC) nomygaeM
LACC = 180° — (4.4 -+ AQ—C) > 90°,

T.&. AACC, TynoyroabHuii ¥ ocnopanue H swicotht CH JexXuT HA
npono/mkeHuu CTopoHnl AC). Takum o6pazomM, Mbl YCTAHOBHIM, YTO
Touka €| NPUHALIEXHUT OoTpe3Ky MH, T.e. HAXOAHTCA Ha cTopoHe AB
MEXITy ToukaMu M w H, yr0 1 Tpe6oBaloch AOKAIATE.

4.35. Oteer. 30°, 60°, 90°. Vkazanwe. Micnoms3yiite pelieHne 3ama-
uu 4.30.

4.36. Pewenue. Ilpennonoxum, 4ro Tpeyronsituk ABC aamsercs oc-
TpoyroabiiiM. Torna, Henosbsysd GopMyRy XA YINOB OPTOLIEHTPHYE-
CKOFO TPEyIOJIbHHKA (cM. 3amagy 4.3) umeem:

60° = ZH, = 180° = 2/ A,
OTKyAZ: 180° - 60°
- T -—

Z4 60°.

AHANOTHYHO, LB = /C = 60°,

T.¢. AABC npapmnchuii. Tpeyroaruuk H, H, H; aniaerca Taoke op-
TOUEHTPHYECKHM JUTS PARHOBEAPEHHOTO TYIIOYTWIBHOTO TPEYTOIBHIKA
AHB, yrawl koroporo pasue 30°, 30°, 120° (pue. 112). Urak, ecau

C
H,
H,
H
L
4 Hs B

Puc. 112
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OPTOLCHTPHYECKHI! TPEYTONIEHMK HEKOTOPOrO TPEYIONBHUKA NPaBiulb-
HHIH, TO UCXOTHHI TPEYrONLHMK JIAGO MpaBMIbHBEI, M60 pasHoGea-
peHHBit ¢ yomrame 30°, 30°, 120° w, TakuM 0GpasoM, YTREpXKIEHUE

. 3aa9H BEPHO NMO0b JJ1A OCTPOYTONbHMX TPEYTOJIbHUKOB.

4.37. Pawenne. a) O603nauwM LCAB=A, LABC=B, Z/BCA=C.

, A
‘Torna ZCC\A) = LCAA) = - Kak BnucaHHKe, OMUpalOLecs

Ha onHy | Ty Xe myry 4,C (puc. 1132). AHaNnorHuHo,
LC1AB, = i-;_C
PaccMarpum TpeyronsHux 4, H:C). B veMm
LAUHC) = 180° ~ ZOC 4y — C14, B = 180° — % - 'g =
= 180° - ‘4—+-I:-—“:£ — 180° - 180° = 90°,
T. €.
CC, L AB,.

Puc. 113
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TOYHO T4K XK€ NOKa3blBaBTCH, YTO
AA[ 1 B]C] v BBI L C]Al.

WUrax, A\ H,, B H,, C|Hy — Bbicotnl Tpeyronsavka A B C|, noatoMmy
Touka I SRISEeTCA OPTOUCHTPOM 3TOr0 TPEYrONbHMKA,

6) Ilpaman CC) siBisieTcs GHCCEKTPHCOM PaBHOGENPEHHOTO Tpe-
yromsHnka A,CB; (puc. 1136)), noatomy

CC\ 1 A>B,,

HO B IIPEABLIYIEM TIYHKTE A0KA3aHO, YTO

CC, L A\B,,

CHEXOBATENBHO,
A\B) || A2B;.

AHATOTHYHO,
B\C || B:C,, G4, | CrA4;,

TIO3TOMY YIUTh Tpeyronbaukos A1, C) v 4> B,C> paBHBI KaK YIITH ¢ CO-
OTBETCTBEHHO TIAPAJITENTEHBIMHA CTopoHaM H A4, B|C) ~ A4, B,C,.

B) Mockoneky I — oproueHTp Tpeyroasiuka 4, B, C, 10 Touku I
H C' CHMMETPHIHBI OTHOCUTENEHO croporbtl A\ B (cM. 3amauy 4.7), T.e.
H; — cepenuna otpeska IC. AranormuHo, TouxH Hy; w H; — cepe-
auHm orpeskon fA u IB. Orciona cnenyer, 4yro Tpeyrontuuk ABC
nepexoauT B TpeyroabHuk Hy H,H; npu roMorermn ¢ nentpom I i xo-
a¢pduumenTom 1/2.

4.38. Pewenne. YT Tpeyronsiwka HyH>H; (pwc. 114) pasHnl

ZH = 180° ~ 2/4,
ZH;y = 180° — 24B,
ZHy = 180° —2£C (cM.aamauy 4.3).
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C

Puc. 114

Torna MOXEHO HAHTK YI/Ibl TPEYIOARHHKA A, B Cy:

' /H 1 |
ZA; =90° — TI =90° — 5(180” - 2/4) = /A,

ZH
LBy =90 - == = /B,

ZH
Z2C =90° - —21 = ZC (cM. zanagy 4.25).

Tak KaK YIS memeISHI-IKOB A,B(C; n ABC pasHu, TO 3TH Tpe-
YTONBHHUKH TIOAOOHBL,

4.39. PeweHua. V3 pesyneraTa 3anauM 4,11 creayer, uto TONKM Py,
P,, P; cumMeTpuymsie Touke P, oTHocuTenkHo ctopoH BC, CA, AB
TpeyroasHuxa ABC 1exaT Ha NpsMOi, NPOXOMALIEH Yepe3 OPTOLEHTP
3TOr0 TpeyroMbHuka. IIpu roMoreTHn ¢ UeHTpOM P U KoxpduuyeH-

TOM 2 Touxd Py, B, P; niepeiinyl B OCHOBaHMU NEPICHIHKYIAPOB,

OOYLIEHHBIX U3 TOukKM P Ha cropodnl tpeyronshuka ABC, a opro-
nentp H tpeyronbHuka ABC — b cepenuHy orpeska PH. Tax Kak
OpH FOMOTETHHM IIPAMAsl 1CPEXOAMT B IIPAMYIO, TO OCHOBRHHA yKa-
3AlLHBIX NEPIEILTHKYIIPOB 1 cepeuna orpeaka PH nexaT Ha omHoit
IPSAMONA.
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Puc. 115

4.40. Pewenue. PaccMOTPMM TPAMOYTONEHBEIE TPEYTrOMbHHKH PO 4
u PA\C (puc. 115). Yron PAC, usMepseTcs moloBuHoi ayru PCB,
KaK snucaiHelit yroi, onupawiinics Ha o1y Ayry. Ilposexem uepes
Tauxy C xacarensHywo MN. Torna

LPCA, = /PCM + LMCA, = Z/PCM ~ ZBCN,

HO vrinl PCM v BCN wamepdiorea noaosuHamu nyr PC w CB
COOTRETCTBEHHO, KAK YTJIBI MEXNY KacaTelbHOM M XOpPIOH, 1103TOMY
yron PCA, usmepsiercs nonosuHol nyti PCB, T.¢.

LPAC) = LPCA

W TIPSAMOYTONEHEIE TpeyronsHHKH PO\ A w PA,C rogoGast. M3 monoe-
OMd ITHX TPCYTOIBHUKOB NONY4aeM:

P4, PC
—_— . PA, = . .
PC, - PA PA-PA, = PC - PC,
AHATOTHYHO, H3 TIOJ00HA TpeyTonkHuKoR PA, B 1 PB| A sumomn
P4, PB
-ﬁg;-—FA—, PA.PA, = PB.PB,

OTKYAR CEeaVeT, 4To
PA-PA =PB.PB, = PC-PC,.
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O,

Pue. 116

4.41. Peuwenne. 3a) TaK KaK BHCBOMCAHHAA OKDYKHOCTD ¢ LEHTPOM
B Touke O3 xacaerca npaMbnx CA u CB, 1o Touka O3 Nexut Ha GHCCEK-
tpuce yma ACB (puc. 116). D1a e OKPYKHOCTE KacaeTcqd H CTOPOHKI
AB, moaroMy ¢¢ ueHTp (3 NEXUT Ha NepeceyeHHH OUCCEKTPHE BHeI-
RBHX yrnoB A3 AB n B3 BA tpeyronenuka ABC npu BepluMHax A 1 B.

Touxu O, u () TaKke COBMAAIOT C TOTKAMH TIepeceyeHAA GHC-
CEKTPHC COOTRETCTRYIOINHX YTJIOR.

6) Haiinem yraw JAO; 1 1AO;:

1

LIAOy= %LCAB+5.4_’BAA3 = %(.{CAB +£BAA3)= §'180°=90°,

1 1
LIAO;= E(ZCAB+£MAC}=§ +180°=90°,

T.e. LIAOQy + ZTAO, = 180° u nosromy touku (3, 4, O; nexar
Ha OnHO# npumoit, a duccextpuca AQ, TpeyvronpHuka ABC senseT-
¢ BHicoToll O A Tpeyronsauxka (0;0;. TouHO TaK Xe MOKA3bIBALT-
e, yto B u O3C aBIAIOTCS BHCOTAMM TpeyronsHuka 0,0y 1,
CIENOBATENBHO, TpeyroNbHNK ABC OpTONCHTPHICCKWIA A TPEYIOMh-
HHKa 0|O;O3.
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C

¥

A C) B
Puc. 117

4.42. Petwenwe. [lycTh AB = ¢. Torna H3 TpeyroabHHKA ABI (I —
UEHTP BOMCAHHOU OKPYKIIOCTH)

A B B
¢c= AC,+C\B=rctg ~2—+r ctgrz- = r(ctg%—kctg 5) (pmc. 117).

c
C apyro#t ctopoHsl, ¢ = 2RsinC, R = ——— ., TloaroMy
. 8 -

2sinC
r 2sinC_ sinC
R ct A+ct B c_ A B
g2 g 5 0052 +cos 3
sinA sinB
2 2
A B A4 B
1sin 2 sin 2 s 2sin sin 2 i
) sm2 5in 3 sinC’ ~ sin 2sm 3 smC_
- A B+, A B\ _ A+B
cos 5 sin 5 sin 3 oS 3 sin
4 B A B
_ZSinwsinEsinC_Zsin—jsini'ZSingcos-i e é E E
T Br-C . Ty
i 5 | )
OTKyZa '
B C

r=4Rsin—é~ - sin £l +8in 3
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Puo. 118

4.43. Pewenne. ITycte 7 u O — LeHTpH BUcaHHON H OMHCaHHOM
OKpYXHOCTEN TpeyronsHuka ABC, DD — ocHOBaHME NIEPNEHARKYILIPA,
onyLeHHOro U3 Touku I Ha cropoHy BC' (puc. 118). IIposeneM AiameTp
. BM, rarma tpeyroxsiuki CDI w BPM nonobuw (ZICD = ZPMB
K4K BOMCAHHBIE, OMMPAKIIMECA HA OOHY H TV Xe nyry PB). [loatomy

Cr _c¢I ID r

MB 2R PB  PB’
otkyaa CI - PB = 2Ry, Tax Kak Tpeyro:lm BPI papHoBenpeHHbIH
(cM. 3anagy 4.296)), To PB = PI, orkyna

CI.IP=CI-PB=2Rr
4.44. Pewenne. Npobenem auamMeTp M N, MpoxoAsImwH 4eped LIEHTP
~ BrmcanHoit okpyxroctr I (puc. 119). Toroa
MI-IN=CI-IP, wwm (R+d)(R~d)=2Rr,
nockoneky CI - IP = 2Rr (cM. Ipeanaymyk 3anaqy), OTKyaa

R*—d®>=2Rr w 4 =R’-12Rr
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K

N

Puc. 119

4.45. Pewenne, OGoanaumM yron LZCH yepes a (puc. 119). Toraa

C-OS(I_h
_‘,

C Apyro¥l CTopohsl, K3 TpeyronsHuxa PK C Haxomnuw

PC CI+1IP | Ci+1IP 1
COBQ = —— = + = —=- i 2}:7\/CI-IP,

KP IR R 2

OTKYIa, HCONE3yd peayawTar 3anavy 4.43, nonyqum:

h }
-i =cosq > —%vzm: . 2—}%

4.46. Pewenwe. PaccMOTpHM OKDYXHQCTS C USHTPOM B Touke (O, Ka-
CAIHYIOCH OJHOMA N3 Urcipou' V714 B TOUKE A U Niepecexaroliylio ApyIyIo
€ro CTOpoHY B ToukaXx B H C (puc. 120). Torna AP L MA, O —
LEHTP OMMCAHHOM OKPYXHOCTH Tpeyronbinka ABC, AH — ero Boi-
cora, Tak Kak £BAH = /PAC (cm. 3anauy 4.12), To 6uccextpuca 44,
yra BAC' aBnaerca Takxke GHccekTpucoit yma HAP. Ha 371oii GHccek-
TpHce NexXur ueHtp I BIHMCaAHHOW OKPYXBOCTH TpeyronsHuka ABC.
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Puc. 120

Ilocxomky AH apnsercd BLICOTOM AlA BCEX MOCTPOSHHAIX TAKMM 06-
pasoM TpeyrosisHUKoB ABC, a UCHTPE WX ONMWCAHHEIX OKPYXKHOCTeH
AeXar Ha npaMoit AP, To LeHTPH HX BIMCAHHBIX OKPYXHOCTEHA Haxo-
OATCA HA TIpsTMOit A4, .

4.47. Pewsnue. Ilycts I — neHTp BIMCAHHOR OKPYXHOCTH TPEYTONb-
wuka ABC, TIocKonbKy

' LA
LBIC =90° + = (cM. 3anauy 4.23),

TO _
ZBMC = ZBIC

H To4Ka M mexur Ha myre BIC oxpyxuocTd, ormmicakHol okono Tpe-
yromeanka BCT (pue. 121). C apyroif CTOpOHH, UCHTD ONMCAHHOR
OKOJIO TpeyroabHiika BCT OKpYAKHOCTH JeXWT Ha GHccekTpHee yrma A
(cM. 3apauy 4.29), nosroMy npsiMaa AM apngercs Sucoempucou yr-
aa A ¥ TouKa M coBnagaer ¢ Toukod I

4.48. Pewenne. [Iycte AB =c¢, BC=4a, AC = b. Ecniu Of 1 BL,
10 I — cepeanna BP (puc. 122). Ilockoneky Tpeyronbank PCI pab-
HoGeppenHni (cM. 3amauy 4.29), to CP = PI = IB. OGo3HaunM
uepe3 M cepemuny cropoHH BC W coenunum Touky J ¢ M. Torna
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Puc. 121 _ Pre. 122

IM || PC xak cpenyss nuHus TpeyroitHuka PCB,
LACP=/ABP = /PBC un CP=B]

nosromy ABIM = ALPC n CL=BM = %

c
AHANOTHYIIO NoKa3pBaercd, 4to AL = 3 OTKYNa cneayer

a-+c

AC=AL+LC = 5

Mlh
NID

T.&
a+c

2 ’
a 970 M OJHAYACT, YTO YHCAA 4, b, ¢ 00pa3yT apHPpMeTHHEcKyIO Nipo-
Tpeccing,

b=

............................................. h 2,.
4.49 Powenwne. M3 pesynntaTa 3amaun 4.45 cneayer, 4To 77 p E
pMYEM PABEHCTBO AOCTHIAETCA TOABKO B eiyvae BI = IP (puc. 122).
Ho B 310M cliyyae cnpaBc/UIMBOCTS HOKATBIBACMOTD YTBCDXNCHHA BLI-

TEKACT U3 NPESABAYINSH 3a7aqH.
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B

Puc. 123

4.50. Pewenne. BHccekTpuca yora B gpascTcs Takxke GHCCeKTPHCOI
yrna OBH (cM. 3anaay 4.12), nosromy ecnt BB 1 OH, To Tpeyronsb-
UK OBH paBHOGepeHHEIH (puc. 123), Ho B atoM cryuse LABC = 60°
(cm. 3agauy 4.19). TTokaxkeM, 4TO €CM OZMH U3 YIVIOB TPEYTONBHMKA
paBeH 60°, To ero yniml 00pasyroT apHdMETHYICCKYIO porpeccuio. B ca-
MOM JeNe, IyCTh

ZBAC =60° —p, LABC = 60°,
TOLAA _
ZACB = 180° - (60° — @) — 60° = 60° + @,

4T0 U TpeGOBATOCE HOKA3aTh,

4.51. Pewenua. [lockonbky mpsmas OH nepneHawkyiaspHa Guccex-
Tpuce yoia B, 1O yibl TpeyroiabHuka ABC 06pa3yioT apudMeTHye-
CKVIO TIPOTPECCHIO ¢ paBHE 60° —p,  60°, 60°+p (cm. mpeapLIynIyIO
3agady). Ecnu toyka J nexuT Ha npsaMoi OH, To npamasg Of cobna-
aaer ¢ npaMoit OH ¥ IOSTOMY TakXKe NepHEHAMKY/PHA OUCCEKTPUCE
yria B. B 3TOM CTyda¢ LTHHE CTOPOH Tpeyronbhika ABC obpasyior
apuPMETIIECKYIO TIPOIPECCHK (cM. 3anauy 4,48). Hrak, Hawa 3aaaya
CBeNach K chemyiomett: MOTYT JIH CTCPOHBI H YITIHI TPEYNONbHWKA Ofi-
HOBPEMCHHO COCTABIATh apH{pMeTHuecKyio nporpeccHu? I1veTs NpoTHB
yros 60° — , 60°, 60° + ¢ nexar cropousr b d, b, b + d. Torna
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110 TEQPEME KOCHHYCOB
¥ =(b+d) + (b—d) —2(b+ )b~ d) cos 60° =
=2qt" +dY) - (V' —d) = b +3d,
b =0 +3d%,

orkypa d = 0, T. e. TpeyroasHuk ABC pasHocToponERi, Ho mo yeno-
BUIO TpEYTONEHHUK ABC pasnoctoporuuit (£ A4 < £B < £C), nostomy
To4uka J He MOXeT Jiexarh Ha npsmoi OH.

h }
4.52. Peawenune, Taxk xak -l— 5] (cM. zamaqy 4.45), TO B HalileM

cydae

h; . hz _ h3 _ 2r

4 - I - i3 VR
Ho Ttoraa cropoHs TpeyronvHHka ABC o6pasyiorT aprdMETHYECKYIO
MPOTPecCHIO, TIPHYEM KaXgas CTOpaHA JONKHA GHITE CPEemHeH o Be-
muyure (cM. 3azady 4.49). DTO BO3MUXHO TOABKO B TOM CJy4ae, £/
Pa3sHOCTb 3TOH INPOTPECCHMM PABHA HYIMIO, T. €. TpeyTaubHUK ABC npa-
BUIbLIIH,

4.53. Pewenne. O603HaunM depe3 My a [y Touxy nepecedenms ce-
PEAHHHOTO TepIeHANKYISpa K cTopoHe H| H) apToueHTpriMeckoro Tpe-
yroabHuKa H{H;Hy ¢ ipaMriME AB ¥ CH3 W NOKAXCM, 4TO 3T TOY-
KM J1EXAT HA OKPYXHOCTH, OMTMCAHHON OKONO Tpeyronshwka H | H.H;
M COBMANAIOT ¢ cepeltiHamu oTpeskoB AB u CH (puc. 124). Bricota
H,C sanserca fuccexktpyicoil TpeyromsHika H H, Hy (oM. 3aauy 4.4),
DOFTCMY OHA HLEPECCKAST ONUCAHYI) OKPYXHOCTb F10TO TPEYTOIbHMKA
B Touke Dy — cepeaune nyru HyH;, HO CepeMHHLIN TIEPNEHIMKYISAD
M3Ds cTopoHu HiH> nepecekaeT 3Ty OKPYXKIIOCTb TAKKe B CEPEAHHE
nyru HiH,;, otkyaa cneayert, uto Touka )3 COBIIANAET ¢ TOYKOMN D3,
T.€ D3 JIEXKHT Ha OTIHCAHHON OKPYXHOCTH TPEYFOIBHUKAE H 12 Hy. To-
CKOJBKY TOYKA D3 JEHMT HA CEPEAUHHOM MEPIEHIMKY/IAPE CTOPOHb
H\H>, T0 0OHa paBHOYJalena oT Touek H; v Hy M [O3TOMY COBNaja-
eT ¢ cepefMHait otpeska CH (cepenuna oTpeska CH smisercs ueH-
TPOM OKDYXKHOCTHM, ONUCAHAON OKONC uCThIpexyroabHuka CH,HH,,
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Pwo. 124

TaK Kak vyl CH,H n CH\H npmae). Tak xak nemtp onucan-
HOW OKpyxHocTH TpeyramsHuka H H,H; nexwr Ha npsMoit M;Ds
H LD H M, = 90°, 1o Touka M; Takke NEeXUT Ha 2TOH OKPYXHOCTH
M COBMANAET c cepequHoil AB (Touka M paBHoynaneHa or Touek H,
H H; 1, CASAOBATENBHO, COBNANALT ¢ LEHTPOM OKPYXHOCTH, OIIACaH-
HOR 0KONO YeTHpeXyrontHuka ABH | H,). AHAROIMYHO NOKA3LBAETCA,
uto Touku M;, D, M;, D; nexar Ha okpyxHocra Diinepa Oy, Tpe-
yronsHuk M, MyM, noacten TpeyromsHuky ABC ¢ xosddmueHToM
moAo0HA paBHBIM 1/2, OKpYXHOCTE Oy ABNACTCH ONMCAHHOMN OKpPYX-
HOCTBIO TPeYTONEHKKA M) M) M;, O3TOMY ee paiMyc paBeH TIQIOBHHE
pamyyca OHCAHHOMN OKPYXHOCTH TpeyronsHuka ABC.

4.54. Pewenue. Ilycte M; — cepeauna AB, £, — ocHoBanue BN-
cotul CE) {(puc. 125). Torza Touku M n F) nexar Ha okpyxHocTH Oy,
MOJITOMY LEHTP 3TON OKPYXHOCTH JCKHUT Ha CEPEAHHHOM TEpleHan-
Ky/mspe otpeska M E,. Touno Tak Xe 704Ka Oy NEXUT Ha CePelMHHOM
neprenmuKynape otpe3ka M E, (M, — cepeanva AC, E, — ocHoBa-
Hue BbicoTH BE;). JaHtbie cepeMHHHEbIC NepleHAKKYIAPH SBITIOTCA
cpemHUME JMHMamMy Tparmeit OM E\H u OH By M;, nostoMy OHU
NEPECCKAIOTCA B cepeauHe oTpeika OH.

4.55. Pewenne. O003HATMM TOMKY NepecedeHus MeadaHsl C'M ¢ ot-
peaxoM OH uepez G (puc. 126). Torma tpeyronbunxu OGM u CGH
noxobuu, Tak xak OM = 1/2CH (om. sanavy 4.10 u 3anavy 4.10 pis
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C

A M K E B

Puc. 125 Puc. 126

CaMOCTOSTENLHOIO PELIEHHA), TO

CcG P oG 1

GM GH 2’
OTKYOa CACHYET, UTO0 (G — TOYKa MepeceueHHsT MEAHaH TPeYIoOabHHKA
ABC v OG:GH=1:2.

4.56. Pewenune. OGO3HAYHM Yepes f paaHyc oliHCaHHON OKPYXHOCTH
Tpeyronsuuka ABC, uepes I, I, I, — ueHTPBl BHEBIHCAHHBIX OKPYX-
HocTeit TpeyronsHuka ABC. Toraa TpeyroabHUK AR ARagetTca op-
TOUSHTPHYECKHM AN TPeYTonbHHKA [ 01, (cM. 3anauy 4.41), mosTomy
OIMMMCAHHAA OKPYXKHOCTh TpeyrobHuKa ABC ABNACTCA OKPYNKHOCTHIY
AEBATH TO4ueK Tpeyroiashiuka 01, oTKyna caexyer, 4TO pazuyc ONH-
CAHHOHR OKDYXHOCTH TpeyronbHMKa I,lpl, papen 2R (cM. 3azauy 4.53).

4.58. Pewenune. Tpeyronviix AR ABRMFETCH OPTOLUCHTPHYECKYM 417
TpeyronsHnka I, i, (pHc. 127}, nosromy geHTp I snucalHOH OKpYX-
HOCTH RBASICTCS OPToLcHTPpoM TpeyronsHuka LI, (cMm. 3azavy 4.41).
Tax XaK B YETBIDEXYTOJILHHKE -

IL,BICZI,BI = LI,CI = 90°,

TO OKOJIO HEIO MONKHO ONMCATE OKPYAHOCTE, NpHHesM ee UeHTP COMNg-
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I,

T

Puc. 127

yeThpexyronbHukos ,CTA u I.AIB coBmazaer ¢ cepeqHHaMH OTpe3- .
koB Il u I Cepeamiibl YKa3aHHEIX OTPE3KOR JIeXAT Ha OMACAHHOE
OKPYXKHOCTH TPeYTONbHHUKA ABC, KOTOpan saise1Ccs OKPYXHOCTRIO Ae-
BSTH TOYEK TpeyroibHuka ABC, W ARIAIOTCA LEHTPAMM OMMCAHHHIX
okpyxHocTeii Tpeyroisrvkos I,BC, IL,CA, I.AB. TIocKonbKy 3TH
OKPYXHOCTH COBNAJAIOT C ONHCAHHBIMY OKPYXHOCTAMH YeTHPEXyronb-
mmkos I, BIC, I,CIA, I,AIB, to uenrp I BnMcaHHOR OKPYXHOCTH
apeyronsHuka ABC ABIACTCS Mx oDwWel TOYKoi.

4.59. Pewenue. OG03HaUHM TOYKY Nepecederna npamux AA;, BB,
u CC) uepes P (puc.128), a yepea B> u C; — OCHOBaHMS NEPIEHAR-
KYJAPOB, ONYIIEHHAIX 1A nepuiuH B U C' Ha npaMyo AA,. Torna

BB, BA,
AA ~A B —_———,
10 Alﬂz " CCz A.C
NOITOMY
1
BA, BB, 74P BB _ Saase
A,C T 1, - :
& CCy EAP‘ CCZ SAACP
AHAJIOTHYHO

AC: _ Swace CBi _ Sancp
C\B  Sapcr’ BiA  Saasp
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ITepeMHOXUB 3TH PABEHCTBA, TTOLYUHM:

AC, BA, CB; _
CiB AC BA

OGpatHo, Ty¢Th
AC, BA, CB(
Ci\B AC BA

Ilokaxem, yTo TOTAA NpsMeie AAy, BB, CC, nepecexaorcsa B ommoft
- Touke. QGosHaunM TOUKY TrepeceyeHua nipameix A4, v BB, yepes P.
Ilyce nmpamaa C'FP nepecekacT CTOPOHY AB B Touke C}.

Torma 0o AOKA3aHHOMY

AC] BA, CB,
CiB A4C BA

=1,

HO TaK KaK no YCnoBHIO

AC, BA CB
C\B AC BA
TO
AC, _ 4G,
C\B ~ Cy\B’

T.e. TOYKH C{ H C| JIendar cTopoHy AB B OMHOM W TOM Xe OTHOWEHWH
M LIOTOMY COBIANAIOT.
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4.60. Pewenne. ITycre M), M;, M; — cepenunn cropon BC, CA,
AB (puc. 129). Hcnonsaya HEPaBEeHCTBO

vag Tt @20,930,

noiIydaem:

AB+-BC C4,+A,B
VAB,|-B,C< %:AMZ, 1/CB,~A13<—%=CM1,
B A
VBC,-CiA< C—l-zl-c—l—=BM3.
Bo3penesm B KBaJApaT KaxXIoe H3 ITHX HEPABEHCTB U IIEPEMHOXHM HX:
AB, B\C-CA;-AB-BC,-CiA € (dM, - CM, » BM;)’.
Ilo Teopeme Yepu
AC,«BA,-CBy=C\B-AC B4 (tM. Mpemuaywyio samaqy),
MO3TOMY
(AB, - BC, - CA)* < (AM; - CM, - BMy)?,

Hiu -
AB,:BC,-CA, € AM; -CM, - BM;,

IIpMYEM HEPABEHCTRO 06pallAeTca B PaBERCTRO TONBKO B CJIYYae COBLA-
JenMa Touex By, C), A; ¢ roukamu M,, My, M| orkyaa cnenyer, 4To To-
rna To9ka M OyIeT TOYKO# repecedcHus MeIuaH Tpeyrobuuxa ABC,
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Puc. 130

4.61. Pewenue. OG03HATIM TOYKA KacaHHd BHERTMMCAHHWX OKPYXK-
HOCTeR CO CTOPOHAMH Tpeyronbuuka ABC uepes A, B, i, a c opo-
JONXEHHAMHN CTOPOH — uepe3 Ay, 4., By, B,, C,, Cp (puc. 130).
TlokaxeM cHayana, yTo JTHHA OTPE3Ka OT DEPUIHEE! TPEYTOIBHEKA A0
TOYKH KACAHWA RHEBMHMCAHHOMH OKPY/THOCTH, NIeXaWel Ha TIPOJIOITKEHHI
CIOPOHDL 33 JPYIYK BCPIULMHY, PABHA UONYIIEPHMCTIDY TPSYTOAbHMKA!

{44, = AC| XaK OTpesKM KdCaTenbHHX, NPOBCACHHBX M3 TOYKH A
K BHEBMUCAHHON OKPYXHOCTH), TOUHO Tak xe CB, = CB + BB, =
=a + C\B, no C4, = CB,, noaromy

CA.+CB, =2CAc=b+a+AC,+Ci1B=b+a+c=12p,

otkyaa CA. = p.
Janee
CBi=CC,=C,B—CB=p-a.
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AHanornvyHo, Bid=p-—¢, AC,=p-d, C\B=p-a, BA,=p—c¢,
A;C = p— b, OTKyna NOJYMHM:
AC] .BA1 CB] _ (p—b)(p-—c)(p-—a) =1
CiB AC BiA (p-a)p-btp-c)

T. €. To TeopeMe Yern! npsiMuie AA, BB, CC) nepecexaioTcd B OTHOH
TCIKE.

4.62. Peluenwe, a) 3anuuieym creAyionMe paBeHCTEA (puc. 131):

Sapoc _ OAr  Saaoc _ OB Sauop _ OC
Saspc AAy"  Saasc BB’ Saasc COCi

CIOXMB 3TH paBeHCTBA, TIOIYUHM

Q4, 0B, OC, _ Sapoc + Saspc + Sa4arn ~1

44, + BBR, + cC, Saase
6 AO_AAI—OAl_“l 04, BO _ 0B
AA, ~ 44, A4, BB, = BB/
co _,_oc
cc, = oG’
[IO3TOMY

40  BO CO #3_(0141 L 9B +OCI) 3o 1=2
Ad, BB, CC AA, " BB, ' CC,

C

Puc. 131
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Puc. 132

4.63. Pewetue. Tak kax ZACQ = ZBCH, ZCAQ = BAH (cm. 3a-

nauy 4.12), To 6uccekTpuckl yoios A 1 C tpeyroashuxa ABC apaserca
Guccexrpucamy Tpeyranshukos OAH w COH (puc. 132). Hostomy

A0 0OI CO

10 - IH-CH (cm. zamauy 4.26),

Ho 40 = CO = R, o1Kyha chenyer, uTo
AH =CH.

TTIOCKONLKY PaaMyChi OKPYXKHOCTEI, OIMHCAIHEIX OKONO TPEYTOJLHMKA
AHB v CHB papubl pamiycy R onucaHHOH OKOJIO. TPeyronbHHKa
ABC OKpYXHOCTH, TO

AH = 2R -sin (90° — ZA) = 2R-cos ZA, CH =2R-cos ZC
u U3 papeHcTBa AH = CH BuiTeK4cT
cos FA =cos /C, ZA=/C,

T. . TpeyromsHHK ABC paBhOGEIpEHHLIIA.

4,64, Pewenwe. Ilycts 7' — Touka Toppuyennu Tpeyronbiuka ABC,
Ay, B;,C; — cepeliMHHN YT OUMCAHHHX OKPYXHOCTEH IIPaBHILHBIX
TpeyroneHukos 4,BC, BiCA, C1AB nuameTpaibHO NPOTRBOIONOX-
nbic ToukaM A, By, C; {puc. 133). Torna TouxH Ai, Bz, C2 semsnotcs
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B

A

C
Puc. 133

BSPIIHHAMK BHYTPRHHCTO TpeyronbHika Hamoneona tpeyrominxa ABC.
Taxk xak TpeyronbHuk A, B>C, npaswibamit {cM. 3azavy 1.44), To

éCszAz = 600

M Ul JOKA3aTe/IbCTB2 TOrO, YTO OKOQJIC YeTHpeXyronbHuka A,B,C:T
MOXHO OIHCATE OKPYXKHOCTD, JOCTATOYHO MOKA3aTh, YTO

ZC,T4A; = 120°.
Hanee

LOT Ay = LATB + LCTA - ZA,TB = 120° + L0 TA- ZA4,TB,

HO TIIOCKOTBKY €3 H A7 — cepennrel xyr AC,B u BA,C, a yum CT A
" 4,7B smucanHble, TO

1 1.
ZCQTA = 5411013 = 3‘]‘0, éAzTB = EZBAIC = 30°

T. €.
£C2T.4 = éAzTB = 30° H éCgT Az = 1200.
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Cy
Pnc. 134

4.65. Pewenue. a) O6o3HaunM uepes P cepemnHy otpeska A, C' (puc.
134). Torna AP — cpenusa MUHUA TpeyTombHEKAa BCA,, nosroMy

1 1
AzP = EBAI = §BC = 8102

{rpeyroneunk BCA, npaswmeneidi, a BC; — cpemysa AHHMS Tpe-
yronbHuKa ABC). AHATOFMYHO, :
1 1
CiP = EB;C . EAC = 4,C;.
Hanee :
ZC3PA2= ZC}PAI ——.{AzPA| ZZBch| it IZO“zéACBz AAQCQBI,
NOCKONBKY '
LB,CA| = /BCA + ZACB + ZBCA, =
=60°+ ZACB 4+ 60° = ZACE + 120°.

Hrak, AC;PA4; = AA;C2B; To NRYM CTOPOHAM H YTITY MEXIY HW-
MM, OTKyAA clenmyeT, uto B A; = A3C5. Tak Xe MOXHO NOKA3aTh, YTO



204 Maga 4. 38MEYATANLHLIE TAYKY U INHAN TPEYTONBHIKOS

ByAy = B,Cs, T e. TpeyroabHHK A>B,C; npapuisHMiR. Joka3aTenb-
CTBO TPABMABHOCTH TpeyronbHHKoB B;ChA; n CrA;B; aHanormdHO
MPOBSAEHHOMY BHILIE.

6)-B) Tak kax TpeyronbHukd A:B:C;, ByChAi, C)4;B; mpa-
BHIIEHHE, TO YIBEPXIAEHHA 3THX NYHKTOR BHITEKAIOT U3 3anaun 1.40.

1) Tlockoneky npsamasa A;B; napaiensna AB, TO NepHeHIHKY-
nap K AR dapasercd OQHOBPEMEHHO H MepleHaMKynapoM K A;B»,
HO Tpeyronbuuk A;B,;C; npaswibHBH (CM. MYHKT a) DaHHOM 3ala-
4H), IIO3TOMY NEPHEHANKYISD K Ay B,, onmylieHHb#t U3 Toukn Cj fB-
NACTCA CEPCIHHHBIM TCPOCHAUKYTAPOM cTOpoHE A, B) TpeyroapHHKa
A,B:(C5. AnanormuHo, nmepneAmHKY/BipH K BC u CA, npoeeaeHHbIe
Yyepes ToYku A3 U By, ABIAIOTCA CEpeIMHHLIMH NEPICHAHKYTAPAMUA
cropod B,Cy u CyA; tpeyronbHuKa A4,B,(C), U, Taxum oGpaioM,
3TY NepNeHAMKY/APH NIEPeCeKaloTCs B LEHTpe Ol'u/ICaHHOH OKDYXHOCTH
Tpeyronshika 4> B,C5.
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